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Introduction 

It frequently happens that an infinite-dimensional Lie group G of interest 
is a union G = IJneN of an ascending sequence Gi C G2 ■ ■ ■ of Lie 
groups which are easier to handle. Typically, each Gn is finite-dimensional, 
a Banach-Lie group, or at least a Frechet-Lie group, while G is modelled on 
a more complicated locally convex space (e.g., an LB-space, LF-space, or a 
Silva space). Then good tools of infinite-dimensional calculus are available 
to establish differentiability properties of mappings on the groups Gn, while 
properties of mappings (or homomorphisms) on G are more elusive and can 
be difficult to access. 
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In this article, we consider mappings f:G^X, where X is a topological 
space or smooth manifold; and also homomorphisms f:G^H, where H 
is a topological group or Lie group. We analyze the question when conti- 
nuity (or smoothness) of for each n implies continuity (or smoothness) 
of /. To rephrase this problem in category-theoretical terms, let TOP be 
the category of topological spaces and continuous maps, TG the category 
of topological groups and continuous homomorphisms, MFDqo the category 
of smooth manifolds (modelled on real locally convex spaces) and smooth 
maps, and LIE be the category of Lie groups (modelled on real locally con- 
vex spaces) and smooth homomorphisms. We assume that G = UneN 
an ascending sequence Gi C. G2 Q • • ■ of Lie groups, such that all inclusion 
maps in,m '■ Gm — ^ Gn (for m < n) and in'- Gn G are smooth homo- 
morphisms. Thus S := ((GrJneN! {'in.m)n>m) IS a direct system in LIE, and 
we can consider S also as a direct system in TOP, TG and MFD 00, forgetting 
extraneous structure. We are asking whether G — limG„ (more precisely, 
{G, (in)„GN) = lini«S) holds in TOP, MFD^o, TG, respTuE. 

If each Gn is a finite-dimensional Lie group and G = limG^ the direct limit 
Lie group constructed in [19] (see also [16], [44] and [45] for special cases), 
then G = limG^ holds in each of the preceding categories [19, Theorem 4.3]. 
The goal of this article is to shed hght on the case where the Lie groups G„ 
are infinite-dimensional. Then the situation changes drastically, and some of 
the direct limit properties can get lost. 

We are interested both in general techniques for the investigation of direct 
limit properties, and a detailed analysis of the properties of concrete groups. 
In the following, we summarize some of the main results. 

Tools for the identification of direct limits. Direct limit properties of 
G — UnGN are accessible provided that G admits a "direct hmit chart" 
composed of charts of the groups Gn (sec Definition 2.1 for details). If this 
is the case, then the following information becomes available: 

• If G = lim Gn as a topological group, then G — lim Gn as a Lie group 
(Theorein 2.6); ~^ 

• G = limG as a topological space if and only if L{G) = limL(G„) as a 
topological space (Theorem 3.3(a)); 
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• If L{G) is smoothly regular, then G — hm G„ as a smooth manifold if 
and only if L{G) — lim L(G'„) as a smooth manifold (Theorem 3.3 (b)). 

Here, the existence of a direct limit chart is a very weak requirement, which 
is satisfied by all relevant examples known to the author. Another result 
(Proposition 11.8) provides a criterion (also satisfied by all relevant examples 
inspected so far) which ensures that G = limG„ as a topological group. 

This criterion is closely related to investigations in [53]. In this paper, a 
condition was formulated which facilitates a quite explicit ( "bamboo-shoot" ) 
description of the group topology on a direct limit of topological groups. 

Direct limit properties of the prime examples. We now summarize 
our results concerning concrete examples of direct limit groups. 

1. Groups of compactly supported functions or diffeomorphisms. 

Let Diffc(M) be the group of all C°°-diffeomorphisms 7 of a cr-compact, 
non-compact finite-dimensional smooth manifold M which are compactly 
supported (i.e., 7(0;) = x for all x outside some compact subset of M). 
Then Diffc(M) is a Lie group modelled on the LF-space C^{M,TM) of 
compactly supported smooth vector fields (see [42] or [29]). It is a union 
Diffc(M) = Diff i^(M) of the Lie subgroups Diffx(M) of diffeomorphisms 
supported in K (which are Frechet-Lie groups), for K ranging through the 
directed set of compact subsets of M. Given a finite-dimensional Lie group H, 
we are also interested in the "test function group" C^{M,H) of compactly 
supported smooth if-valued maps, which is a Lie group modelled on the LF- 
space C^{M,L{H)) (see [14]). It is a union C^{M,H) = [jj^G^{M,H) of 
groups of mappings supported in a given compact set K. Now assume that M 
and H are non-discrete. The following table (compiled from Propositions 5.3, 
5.4, 7.3 and 7.6) describes in which categories C^{M,H) = lim C^(M,i/), 
resp., Diffc(M) = lim DiffK(M) holds: ~^ 



category \ group 


G^{M,H) 


Difre(M) 


Lie groups 


yes 


yes 


topological groups 


yes 


yes 


smooth manifolds 


no 


no 


topological spaces 


no 


no 
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It was known before that the direct hmit topology does not make Diffc(M) 
a topological group (see [53, Theorem 6.1]), and Yamasaki's Theorem [56, 
Theorem 4] implies that the direct limit topology does not make C^{M, H) a 
topological group. Hence, the Lie group topologies must be properly coarser 
than the direct limit topologies (as asserted in the last hne of the table). The 
other results compiled in the table are new. 

2. Weak direct products of Lie groups. The weak direct product 
rinGN of a sequence (Gn)neN of Lie groups is defined as the group of all 
{Qnjnm £ rinsN^" svLch. that Qn — ^ for all but finitely many n; it car- 
ries a natural Lie group structure [17, §7]. We shall see that HneN^'* ~ 
lim 11^=1 ^fe as a topological group and as a Lie group (Proposition 4.5). 
The direct limit properties in the categories of topological groups or smooth 
manifolds depend on the sequence {Gn)nm (see Remark 4.6). 

3. Direct limits of unit groups of Banach algebras. Consider a 
sequence C C ■ ■ ■ of unital Banach algebras (such that all inclu- 
sion maps are continuous homomorphisms of unital algebras) and equip 
A UneN '^ith the locally convex direct hmit topology. We show that 

— limA^ as a topological group and (provided A is Hausdorff) also as a 
Lie group (Proposition 12.1). Non-unital Banach algebras are discussed as 
well (Proposition 12.2). In the case where each inclusion map is an isometry, 
the topological result has been obtained earlier by Edamatsu [10, Theorem 1]. 

4. Lie groups of germs of analytic mappings. We also discuss the di- 
rect limit properties of the groups V{K,H) of germs of iJ-valued analytic 
functions on open neighbourhoods of a non-empty compact set K X, 
where if is a (real or complex) Banach-Lie group and X a (real or complex) 
metrizable locally convex space. Such groups are interesting in this context 
because they are prototypical examples of direct limits G = UneN °f ^ ^i" 
rect system {Gn)nm which is not strict (nor {L{Gn))nm)- For X and H finite- 
dimensional, r{K,H) is modelled on a Silva space, whence r{K,H) has all 
desired direct limit properties by general results concerning Silva-Lie groups 
prepared in Section 9 (see Proposition 10.6). For infinite-dimensional X 
(or H), we can still show that r{K, H) — limG^ as a topological group and 
as a Lie group (Corollary 13.3). 

Finally, we obtain results concerning locally convex direct limits. Consider 
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a Hausdorff locally convex space E = (J^gp^ En which is the locally convex 
direct limit lim£'„ of Hausdorff locally convex spaces En- Then E = Mm En 
as a topological group (see [35, Proposition 3.1]). Our results imply that 
E = lim En also as a Lie group (Example 2.8). It is well known that the di- 
rect limit topology on E can be properly finer than the locally convex direct 
limit topology. We provide concrete criteria ensuring that E ^ hm£'„ as a 
topological space and smooth manifold (Lemma 3.5). These criteria are also 
useful for the study of general Lie groups because of Theorem 3.3 (already 
mentioned). Similarly, weak direct products of Lie groups (and topological 
groups) are useful tools for the study of general direct limits (sec Section 11). 

Further results. In Section 14, we construct a Lie group structure on a 
union G = UneN of infinite-dimensional Lie groups, under suitable hy- 
potheses. The construction can be used to turn groups of germs of analytic 
diffeomorphisms around a non-empty compact subset K of C" (or IR") into 
analytic Lie groups (Section 15). Section 16 broaches on universal covering 
groups of direct limit groups. Section 17 compiles open questions. 

Structure of the article. Besides the introduction and the list of refer- 
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1 Preliminaries and notation 



We fix notation and terminology concerning differential calculus, direct limits 
and properties of locally convex spaces (C^-regularity and related concepts). 

Calculus in locally convex spaces and Lie groups 

We recall some basic definitions of Keller's C^'-theory and the theory of ana- 
lytic mappings (see [13], [31], [42] and [43] for the proofs and further details). 
Throughout the article, K e {M, C}. 

Definition 1.1 Let E and F be HausdorfT locally convex topological K- 
vector spaces, U C E he open, f:U — > F be a map, and r e Nq U {oo}. 
We say that / is (or simply C^) if it is continuous and, for all A; e N 
such that k < r, the iterated directional derivatives d'' f{x,yi, . . . ,yk) : = 
Dy^ ■ ■ ■ Dy^f{x) exist for all x G ?7 and iji. . . . ,yk E E, and define a continuous 
map d'^f : U x E^ ^ F. The C^-maps are also called smooth. 

Occasionally, we shall also encounter analytic maps. 

Definition 1.2 If K = C, then / as before is called complex analytic if it is 
continuous and given locally by a pointwisc convergent series of continuous 
homogeneous polynomials (see [6, Definition 5.6] for details). If IK = M, we 
call / real analytic if it extends to a complex analytic map between open 
subsets of the complexifications of E and F. 

It is well known that / is if and only if it is complex analytic (see, e.g., 
[31]). Since compositions of C^-maps (resp., K-analytic maps) are (resp., 
K-analytic), C^- manifolds and K-analytic Lie groups (modelled on Hausdorff 
locally convex spaces) can be defined as usual (see [13], [31]; cf. [43]). As in 
[13] and [31], we shall not presume that the modelling spaces are complete.^ 
Unlike [43], we do not require that manifolds are regular topological spaces. 

We warn the reader that topological spaces and locally convex spaces are not 
assumed Hausdorff in this article. However, the topological spaces underlying 
manifolds and Lie groups are assumed Hausdorff. We remark that switching 
to the categories of Hausdorff topological groups (or Hausdorff topological 

""^Some readers may prefer to work with categories of Lie groups and manifold modelled 
on complete, sequentially complete, or Mackey complete locally convex spaces. This only 
causes minor changes of our results. 
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spaces) would not affect the validity (or failure) of direct limit properties of 
Lie groups in such categories (as Lie groups are Hausdorff anyway). 

General conventions. The word "Lie group" (without further specifica- 
tion) refers to a smooth Lie group modelled on a real locally convex space. A 
Cj^-Lie group is a smooth real Lie group (if K = R), resp., a complex analytic 
Lie group (if K = C). A Cj^-Lie group group means a K-analytic Lie group. 
Likewise for manifolds. If (E, ||.||) is a normed space, x e E and r > 0, we 
set B^{x) -.^ {y e E: \\y - x\\ < r} and (x) -.^ {y e E: \\y - x\\ < r}. 

See [31] for the following useful fact (or [4, Lemma 10.1], if r G Nq U {c)o}). 

Lemma 1.3 Let f : U F he as in Definition 1.1, and r G No U {oo, uj}. If 
f{U) C Fq for a closed vector subspace Fq C F, then f is if and only if 
its co-restriction f\^°: U Fq is C^. □ 

Conventions and basic facts concerning direct limits 

We recall some basic definitions and facts concerning direct limits. 

1.4 A direct system in a category A is a pair S — {{Xi)i^i, {(t>ij)i>j), where 
(/, <) is a directed set, each Xi an object of A, and each (pij: Xj Xi 
a morphism ("bonding map") such that (pi^i = idx^ and 0jj o 0^^^ = 0^;, 
if i > j > k- A cone over 5 is a pair {X, {(l)i)i<=i), where X G ob A and 
4>i: Xi ^ X is a, morphism for i G / such that 4>i o (p^j = (pj ii i > j . A cone 
{X, {(f)i)iei) is a direct limit cone over S in the category A if, for every cone 
(y, {ijji)i(zi) over S, there exists a unique morphism ip: X ^ Y such that 
i/j o (pi = ipi for each i. We then write (X, (0j)jg/) = lim5. If the bonding 
maps and "limit maps" (pi are understood, we simply call X the direct limit 
of S and write X = hmXj. If also T = {{Yi)iQi, {ipij)i<j) is a direct system 
over I and {¥, {ipi)i<=i) a cone over T, we call a family {r]i)i^i of morphisms 
r)i: Xi^ Yi compatible if rji o cpij = ipij o rjj for i > j. Then {Y, {ipi o r)i)i^i) 
is a cone over S; we write lirarji :— rj for the morphism rj: X ^Y such that 
T] o (pi ^ tpi o rji. 

1.5 For all direct systems S — ((Xj)^^/, {(pi,j)i>j) encountered in the article, 
/ will contain a co-final subsequence. It therefore suffices to state all results 
for the case where the directed set is (N, <), i.e., for direct sequences. 

1.6 Direct limits of sets, topological spaces, and groups. For basic facts con- 
cerning direct limits of topological spaces and topological groups, the reader 
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is referred to [16], [33], [35] and [53] (where also many of the pitfalls and 
subtleties of the topic are described). In particular, we shall frequently use 
that the set underlying a direct limit of groups is the corresponding direct 
limit in the category of sets, and that the direct limit of a direct system of 
topological spaces in the category of (not necessarily Hausdorff) topologi- 
cal spaces is its direct limit in the category of sets, equipped with the final 
topology with respect to the limit maps. A direct system ((Xj)jg7, {<pi,j)i>j) 
of topological spaces is called strict if each bonding map <pi,j '■ Xj — > Xi is a 
topological embedding. 

The following simple fact will be used: 

Lemma 1.7 Consider a direct sequence {{Xn)n&h {in.m)n>rn) of topological 
spaces Xn and continuous mapsin^m'- X„i X^, with direct limit {X, (i„)neN) 
in the category of topological spaces. Let Un ^ X„ he open subsets such that 
in,m{Um) Q: Un whenever m < n, and U :— UnGN^"(^'i)- Then U is open 
in X, and {U, {in\ujnefi) = ^}^{{Un)nm: {in,m\uZ)n>m) m the category of 
topological spaces. 

Proof. It is clear that U — hmC/„ as a set, and that the inclusion map 
limC/„ ]imXn is continuous (being continuous on each C/„). If y C limC/„ 
is open (e.g., V = U), then Vn := (^n|(7„)"^(^) is open in Un and hence in X„, 
for each n G N. If a; G i~^(y), there exists k > n such that i„(a:) = ik{y) 
for some y G V^.. Hence, there is i > k such that if .n{x) = ie^kiv) ^ Ve- We 
deduce that in^{V) = U^>„^7n(^) open in X„. Hence V open in X. □ 

All necessary background concerning direct limits of locally convex spaces 
can be found in [7], [38], [52], and [54]. 

General conventions: If we write G = IJneN ^'^^ ^ topological group 
(resp., C^-Lie group) G, we always presuppose that each Gn is a topological 
group (resp., C^-Lie group), Gn C Gn+i for each n G N, and that all of 
the inclusion maps Gn Gn+i and Gn — > G are continuous (resp., G^-) 
homomorphisms. Analogous conventions apply to topological spaces X — 
UneN^n and manifolds M = IJneN^n- 

Smooth reguleirity and related concepts 

Definition 1.8 Given r G NoU{oo}, a Hausdorff real locally convex space E 
is called G^ -regular if, for each 0- neighbourhood U C. E, there exists a G^- 
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function f : E ^ R such that /(O) = 1 and f\E\u = 0. UE is C°°-regular, 
we also say that E is smoothly regular. 

After composing a suitable smooth self- map of R with /, we may assume that 
f\v = 1 for some 0-neighbourhood V CU, f{E) C [0, 1], and supp(/) C U. 

Remcirk 1.9 Note that every Hausdorff locally convex space is C°-regular, 
being a completely regular topological space (cf. [34, Theorem 8.4]). It is 
easy to see that every Hilbert space is smoothly regular. Furthermore, vector 
subspaces and (finite or infinite) direct products of C""-regular locally convex 
spaces are C'-regular. This implies that every nuclear locally convex space is 
smoothly regular, because it can be realized as a vector subspace of a direct 
product of Hilbert spaces (cf. [52, §7.3, Corollary 2], also [50] and [54]). 

To prove that certain locally convex spaces have pathological properties, at 
some point we shall find it useful to use ideas from Convenient Differential 
Calculus (see [12], [39]). We recall that the final topology on a locally convex 
space E with respect to the set C°°{W,E) of smooth curves is called the 
c'^ -topology. We write c°^{E) for equipped with the c^-topology; open 
subsets of c°°{E) are called d^-open. Given locally convex spaces E and F, 
a map f : U — > F on a c°°-open set C/ Q E will be called a c°°-map if 
/ o 7 : ]R — > F is smooth for each smooth curve 7 : IR — > F with 7(]R) C U . 

Definition 1.10 We say that a locally convex space F is -regular if, for 
each 0-neighbourhood U C c°°[E), there exists a c°°-function f:E^M. such 
that /(O) = 1 and f\E\u = 0. 

2 Tools to identify direct limits of Lie groups 

Consider a Lie group G = IJ„gpj Gn such that G = lim G topological 
group. Then automatically also G = limGn as a Lie group, provided that 
G admits a "direct limit chart" in a sense defined presently. The existence 
of a direct limit chart is a very natural requirement, which ties together 
the direct system of Lie groups and its associated direct system of locally 
convex topological Lie algebras. The concept can be defined more generally 
for direct systems of manifolds modelled on locally convex spaces. 

Definition 2.1 Let r e Nq U {00,0;} and M be a C^-manifold such that 
M — UneN for an ascending sequence Mi < M2 < ■ ■ ■ of C^"™^^ifol<iS) 
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such that all inclusion maps in,m'- M^, {n > m), and i„: M„ — > M 

are C^. Let and be the modelling spaces of M and M„, respectively. 
A chart (p: U V C E of M is called a weak direct limit chart if (a) and 
(b) hold for some no G N: 

(a) There exist continuous linear maps j^.m '■ Em En for n > m > Uq 
and j„: E^ ^ E such that 5 := ((S„)„>no, (jn,m)n>m>no) is a direct 
system of locally convex spaces, {E, {jn)n>no) is a cone of locally convex 
spaces over S, and E = Un>no ■?"(-^^)- 

(b) There exist charts — >• C of M„ such that t/^ ^ Un and 

in.mCKi) C K if n > m > no, [/ = Un>no ^n, V = Un>noi'»(^") 

o 4|[/„ = ink„ o 0n for each n > no- (1) 

If, furthermore, {E, {jn)n>no) — lini<S as a locally convex space, then is 
called a direct limit chart. If is a direct limit chart and U fl M„ = Un for 
each n > no, we call a strict direct limit chart. We say that a Lie group G 
admits a direct limit chart if it has a direct limit chart around 1 (and hence 
also a direct limit chart around any x E G). 

Remcirk 2.2 With notation as in Definition 2.1, we have: 

(a) Each of the linear maps jn '. Ejji — > En (and hence also each jn,m) 
is injective because jn|y„ = <P ° in ° 4>n^ by (1), which is injective. 
Identifying En with a subspace of E via jn, we may assume that j„ (and 
each jn,m) simply is the inclusion map. Then (1) becomes (plu^ = (pm 
and we have (t)n\um — 4>m iin>m. 

(b) If M = UneN admits a weak direct limit chart : f/ V (as above) 
around x e M, we may assume that x e M^^ and cpi^x) = (after a 
translation) . We shall usually assume this in the following. 

(c) Let be a weak direct limit chart around x G M. If r > 1, we can 
identify T^M^ with En and T^M with E, using the hnear automor- 
phisms d(j)n{x), resp., d0(x). Then jn,m = T^{in,m) and j„ = T^{in) for 
all integers n > m > tiq. 

(d) If 0: [/ — > y is a (weak) direct hmit chart around x and W C U a,n 
open neighbourhood of x, then also 0| vi^ : ^ (piW) is a (weak) direct 
limit chart, because W — UneN(^ ^n) with n t/„ open in C/„. 
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Examples 2.3 We shall see later that countable weak direct products of Lie 
groups, groups of compactly supported diffcomorphisms and test function 
groups admit a (strict) direct limit chart (see Remark 4.3, Remark 5.2 and 
Remark 7.2, respectively). The Lie groups of germs encountered in Section 10 
admit a direct limit chart (albeit not a strict one). 

In the absence of additional conditions (like existence of a direct limit chart), 
we cannot hope to establish direct limit properties. The following examples 
illustrate some of the possible pathologies. 

Example 2.4 Let G be the additive topological group of the locally convex 
space M(^). Give := M" and D := M^^) the discrete topology. Then 
G — UneN^n' topologies on the subgroups Gn are just too fine 

compared to the topology on G to be of any use, and the discontinuity of 
the homomorphism id: G ^ D (which is smooth on each G„) shows that 
G 7^ limGn as a Lie group, topological group, smooth manifold, and as a 
topological space. 

The next example shows that the existence of a weak direct limit chart on 
a Lie group G = [J^eN ^'^^ enough for the discussion of direct limit 

properties of G. For other purposes, it suffices (e.g.. Proposition 2.10 below). 

Example 2.5 If we give G := C^°°(R,R) = HfegNo ^) the (unusually 

coarse !) topology of the projective limit of LB-spaces lim C^(R, R), then 

< — fceNo 

Gn '■— Cp„^^](]R, M) is a closed vector subspace (and hence a Lie subgroup) 
of G, and id^: G — > G is a weak direct limit chart for G = IJneN^"- ^et 
H := G^(M, M), with the usual LF-topology. The discontinuity of the homo- 
morphism id: G ^ H (which is smooth on each G„) shows that G ^ hm G„ 

as a Lie group, topological group, topological space, and smooth manifold. 

Recall a well-known fact: If f : G ^ H is Gj^-homomorphism, and a; G G, 
then Aj^^^-) o f = f ° holds with left translations as indicated, whence 

Uf) = ri(Af(,)) o T,{f) o Tx{\U) . (2) 

Theorem 2.6 (Reduction to Topological Groups) Consider a G^-Lie 
group G = {J^^^^Gn- If G — limG„ as a topological group and G admits 
a direct limit chart, then G — limG„ as a G^-Lie group. 
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Proof. In view of Remark 2.2 (a) and (c), we can identify L{Gm) with 
a subalgebra of L(Gn) (if n > m) and L(G). Let f:G — > if be a ho- 
momorphism to a Cj^-Lie group H such that /„ := /Ig^ is C^, for each 
n G N. Then / is continuous, by the direct hmit property of G as a topo- 
logical group. Pick a chart t/j: P ^ Q C L{H) of H around 1 such that 
■0(1) = 0. Let (f) — lim0„: U — > F be a direct limit chart of G around 1 
such that f{U) C P, where (f)n- Un ^ Vn and 0(0) = 0. To see that / is 
G^, we pass to local coordinates: We define h := o f\^ o : V ^ Q and 
hn := "0 ° /li/ ° '■ Vn ^ Q- U X & V , then x G V^^ for some no- Given 
n> riQ and y G L{Gn), the limit 

c?/i(x,y) = ||t=o^(^ + ^^) = IL=o^»(^ + ^^) = dhn{x,y) (3) 

exists in L(i7). We abbreviate 9 := dh{0,,): L{G) ^ L(ii) and /i;,(0) : = 
(i/i„(0, .): L{Gn) L{H). Since 6'|l(g„) = ^n(O) each n > no by 
(3), which is a continuous linear map, and L{G) = limL(G„) as a locally 
convex space, we deduce that 9 is continuous linear. Since is a C^- 
homomorphism, (2) implies that dhn{x,y) = (iA^^^^-)(0, /i^(0).(iA^"i(a;, 7/)) for 
all x and y as before (using the respective locally defined left translation 
maps in local coordinates). Hence 

dh{x,y) = dAf(,)(0,e.dA^-i(x,?/)), 

entailing that dh: V x L{G) — > L{H) is continuous. Thus h is G^ and hence 
also /|[/ is G^. Since / is a homomorphism, it readily follows that / is G^ 
(see [22, Lemma 3.1]) and hence Cf^, by [20, Lemma 2.1]. □ 

We recall a simple fact (cf. [35, Prop. 3.1] and [7, Exercise 14 to Ch. II, §4]). 

Lemma 2.7 Let S := {{En)neN, {fn,m)n>m) be a direct sequence of topologi- 
cal K-vector spaces. 

(a) Let {E,{fn)neN) be the direct limit of S in the category of topological 
K-vector spaces. Then E — lim£'„ as a topological group. If each E^ 
is locally convex, then E — lim E^ also as a locally convex space. 

(b) // each E.^ is Hausdorff, let F := lim En in the category of Hausdorff 
topological K-vector spaces. Then F = lim En also as a Hausdorff 
topological group. If each En is locally convex, then furthermore F = 
lim En as a Hausdorff locally convex space. 
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Proof. It is well known that the box topology on S :— ^^gn ^ vector 
topology which makes S the direct sum in the category of topological vec- 
tor spaces (cf. [38, §4.1, Proposition 4]) and in the category of topological 
abelian groups (cf. also Lemma 4.4 below). If each is locally convex, then 
also S, and the box topology coincides with the locally convex direct sum 
topology (cf. [7, Exercise 14 to Ch. II, §4]). Let i„: ^ E he the canonical 
embedding. Then the subgroup R := (|J^>^^ im ((i„ o — i^)) < 5 is a 
vector subspace of S. The direct limit E in each of the categories described 
in (a) can be realized as S/ R. If each E^ is Hausdorff , then the direct limit E 
in the categories from (b) can be reahzed as S/R, using the closure of R. □ 

Example 2.8 Let E — UneN ^® ^ Hausdorff locally convex space over 
K e {R, C} such that E = lim En as a locally convex space. Then the identity 
map £^ — > £■ is a direct hmit chart. Since E — lim£'„ as a topological group 
(by Lemma 2.7), Theorem 2.6 shows that E — hm En also as a C^-Lie group. 

Remark 2.9 In more specialized categories of Lie groups, direct limit prop- 
erties can be quite automatic, even in the absence of a direct limit chart (cf. 
also [14, Proposition 4.24]). For example, consider a Lie group G — UneN^" 
which is locally exponential (i.e., expQ-. L{G) — > G exists and is a local 
C°°-diffeomorphism at 0). If each Gn has a smooth exponential map and 
L{G) = limL(G„) as a locally convex space, then G = limG„ in the category 

of Lie groups possessing a smooth exponential map.^ If, furthermore, each 
Gn is locally exponential, then G — lim Gn also in the category of locally ex- 
ponential Lie groups (as an immediate consequence). For the proof, consider 
a homomorphism / : G ^ H to a. Lie group H having a smooth exponential 
function, such that /„ := is smooth for each n. Let 6: L{G) L{H) 
be the unique continuous linear map such that ^|l(g„) = L{fn) for each n. 
Then / o exp^ \L(Gn) = fn° exp^-^ = exp^ oL(/„) = exp^ o 6'|l(g„) for each n 
and thus / o exp^ = exp^o^, entailing that / is smooth on some identity 
neighbourhood and hence smooth. 

The following application of weak direct limit charts is the main result of [27] . 
Information on homotopy groups (notably on 7ri(G) and 7r2(G)) is important 
for the extension theory of infinite-dimensional groups (see [47]-[49]). 

^At the time of writing, no Lie group modelled on a complete locally convex space is 
known which does not have a smooth exponential map. 
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Proposition 2.10 // a Lie group G = IJneN^" admits a weak direct limit 
chart, then its connected com,ponent of the identity is Go — {Jneni^njo- Fur- 
thermore, TTkiG) = lim7rfc(G„), for each k E N. □ 

Further applications of direct limit charts can be found in [26] . 

3 Tools to identify direct limits of topological 
spaces and manifolds 

Given a Lie group G — UneN^w natural to hope that G — limG„ as 
a topological space if and only if L{G) — lim L{Gn) as a topological space. 

In this section, we show that this hope is justified if G has a direct limit 
chart. The analogous problem for the category of smooth manifolds is also 
addressed. At the end of the section, we consider a locally convex direct limit 
E — lim En and compile conditions ensuring that E ^ lim En as a topological 
space (resp., smooth manifold). 

Lemma 3.1 (Localization Lemma) Let M be a -manifold modelled on 
a real locally convex space E, where r e No U {oo}, such that M is a regular 
topological space {e.g., M is a Lie group). If r > 1, we assume that E is 
-regular. Let P C M be open and x & P. Then there exists a C^-map 
p: M ^ P with the following properties: 

(a) p{y) — y for all y in an open neighbourhood Q Q P of x; 

(b) The closure of {y E M : p{y) ^ x} in M is a subset of P. 
Furthermore, the following can be achieved: 

(c) If M = UneN o.nd M admits a direct limit chart around x, then for 
every n e N and y G M„ there exists m > n and a neighbourhood W 
ofy in Mn such that p{W) C and p\w- Mn2W ^ Mm is C . 

(d) If M — UneN 0-nd M admits a strict direct limit chart around x, 
then it can be achieved that p{Mn) C M„ for all n > uq and that 
p\m„' Mn Mn is a C^-map, for a suitable uq E N. 
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Proof. If r = 0, then E is C°-regular (see Remark 1.9). 

(a) and (b): After shrinking P if necessary, we may assume that there 
exists a chart (p: P ^ V C E oi M such that (p{x) = and [0, 1]^ = V. 
Since M is a regular topological space, we find a 0-neighbourhood B C V 
such that A := is closed in M. Since ii^ is a C^-regular, there exists 

a C-function (3: E ^ R such that supp(/3) C B, im(/3) C [0, 1], and such 
that P\r^1 for some 0-neighbourhood RCV. Set Q := Then 

ijj:P^V, ipix) = (3{(l){x)) ■ (l){x) 

is a C'-mapping such that iIj\q = (plg and ijj{x) = for each x ^ P \ A. 
Extending ip by 0, we obtain a C""-map ip: M ^ V. Then p := (f)~^ o -0 is a 
C'-map M — > M such that p{M) C P, p|q = idg and p|M\yi = x. 

(c) Because we can always pass to a cofinal subsequence (M„+„(j)„£f^, we 
may assume that x e Mi. After shrinking P if necessary, we may assume 
that (f): P — > y is a direct limit chart, say (f) — (JnGN where P = Uhgn 
and F = UneN ^ ^'-'^ certain compatible charts 0„ : -Pn — ^ Ki ^ -E-n around x, 
where En is the modelling spaces of M„. Let y G M, say y G M„. If y ^ A, 
then IF := Mn \ ^ is an open neighbourhood of y in M„ such that p\w 
is constant (with value x) and hence a C^-map into M„. If 7/ G P, let 
z := (f){y) G y. Then z E Vk for some k > n and /3(2;)2; G for some 
m > k. By continuity of /3, scalar multiplication in E„i and the inclusion 
map Ek Em, there exists an open neighbourhood Z of z in 14 such that 
j3{y)v G Vm for all v E Z. Then 11^ := M„n0^^(Z) is an open neighbourhood 
of y in M„ such that p\w is a C^-map into Um ^ 

(d) If M admits a strict direct hmit chart at x, then we may assume that 
V r[ En — Vn for each n. Given y and n as in the proof of (c), we can now 
take m :— k :— n, from which (d) follows. □ 

Lemma 3.2 Let M — (JneN be a -manifold, r G N U {oo}, which is a 
regular topological space and admits a direct limit chart around some x & M. 

(a) If T^M ^ lim T^Mn as a topological space, then also M ^ lim M„ as a 
topological space. 

(b) If T^M 7^ limPj;iH„ as a C^-manifold and M is modelled on a C- 
regular locally convex space, then M ^ limM„ as a C^-manifold. 
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Proof. We may assume that x G Mi. To prove (a), set s :— 0; for (b), 
set s := r. Let d: P ^ V C T^M be a direct limit chart around x and 
p: M ^ P be a C-map as in Lemma 3.1 (c). Since T^M ^ hm Tj;M„ as 

a topological space (resp., C" -manifold), there exists a map h: T^M X 
to a topological space (resp., C'-manifold) X that is not C"*, although h\Mn 
is for each n. Hence, there is z e T^M such that h is not on any open 
neighbourhood of z. We may assume that z G T^Mi, after replacing h with 
— -z), we may assume that z = 0. Then / := /i o o p is not C*. We claim 
that /Im,, is C** for each n G N; thus M is not the direct limit topological 
space (resp., C^'-manifold) . To prove the claim, let A C P be a closed subset 
of M such that p\m\a = and y G M„. II y ^ A, then W :— Mn \ A is an 
open neighbourhood of y in M„ such that f{w) — h{0) for each w E W; thus 
/Ivi/ is C*. If ?/ G P, let m and be as in the proof of Lemma 3.1 (c). Then 
p{W) C Un and f\w = h\v„o(l>n°p\w is C"*, as claimed. □ 

Replacing the topological space X by a C°-manifold in the proof of (a), we 
see that M ^ lim M„ as a C°-manifold if T^M ^ lim T^M^ as a C°-manifold. 

Theorem 3.3 (Reduction to the Lie Algebra Level) Let G = UneN 

be a real Lie group admitting a direct limit chart. 

(a) Then L{G) = limL(G„) as a topological space if and only if'G = limG^ 
as a topological space. 

(b) If L{G) is C -regular for r G Nq U {oo}, then L{G) = limL(G„) as a 

-manifold if and only if G = limG„ as a -manifold. 

Proof. We set r := in the situation of (a). If L{G) ^ hmL(G„) as 
a topological space (resp., as a C'-manifold, in the situation of (b)), then 
G 7^ limG„ as a topological space (resp., C'-manifold), by Lemma 3.2. 

Conversely, assume that G ^ limG^ as a topological space (resp., as a 

C-manifold, in the situation of (b)). Then there exists a map /: G ^ X io 
a topological space (resp., C'-manifold) X which is not C', although f\G„ 
is C' for each n G N. There is a; G G such that / is not C' on any open 
neighbourhood of x. After replacing / with y i— > f{x~^y), we may assume 
that X — 1. Let : [/ — > y C L(G) be a direct hmit chart of G around 1 such 
that 0(1) = 0, with = U^^j^ 0„, U = [j^^^ f/„ and V = [J^^pj K for charts 
<Pn'- Un ^ Q L{Gn) such that 0n+i|c/„ — 4>n- By Lemma 3.1, there exists 
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a C'-map p: L{G) ^ V such that p\q = idq for an open 0-neighbourhood 
Q ^ L{G) such that p|v„ locally is a C'-map into some Vm, m > n. Then 
/ o o p is not C, although (/ o o p)|l(g„) is C"" for each n G N. □ 

Remcirk 3.4 Theorem 3.3 complements Yamasaki's Theorem [56, Thm. 4]: 

Consider a group G = {j^^^Gn, where each Gn is a metrizable topological 
group and each inclusion map Gn Gn+i a topological embedding. Assume 
that neither (a) nor (b) holds: 

(a) For each m E N, there exists n > m and an identity neighbourhood 
U C Gjn whose closure in Gn is compact] 

(b) There exists m e N such that G^ is open in Gn for each n > m. 
Then the direct limit topology does not make G a topological group. 

Stimulated by Theorem 3.2, we turn to locally convex direct limits and their 
direct limit properties as topological spaces and manifolds. 

Lemma 3.5 Let Ei C. E2 Q ■ • • be an ascending sequence of Hausdorff 

locally convex spaces which does not become stationary, such that each En is 
a vector subspace of En+i and En+i induces the given topology on En- Let 
E := IJneN ^n, equipped with the locally convex direct limit topology. 

(a) // each En is infinite- dimensional and metrizable, then E ^ lim En as 
a topological space. 

(b) If each En is an infinite- dimensional nuclear Frechet space, then E ^ 
lim En as a -manifold, for each r e No U {00}. Furthermore, E is 
smoothly regular. 

Proof, (a) (Cf. Theorem 4.11(3) and Proposition 4.26 (ii) in [39] if each 
En is a Frechet space). Let i?i C £"2 C • • • be a strict direct sequence 
of infinite-dimensional metrizable topological vector spaces which is strictly 
increasing. Then Em is not open in En for any integers m < n, and the 
closure of a 0-neighbourhood U of E^ in En cannot be compact because 
then U would be pre-compact and thus dim{Eni) < 00. Now Yamasaki's 
Theorem (see Remark 3.4) shows that the direct limit topology does not 
make E — \Jnef^ a topological group. The assertion follows. 
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(b) It is well known that the c°°-topology on E coincides with the direct 
limit topology (cf. [39, Theorem 4.11 (3)]). By Part (a) just established (or 
[39, Proposition 4.26 (ii)]), the latter is properly finer than the locally convex 
direct limit topology. Therefore, there exists a 0-neighbourhood U C c°°[E) 
which is not a 0-neighbourhood of E. Since E is c°°-regular (see [39, The- 
orem 16.10]), there exists a c°°-function f:E^M. such that /(O) = 1 and 
f\E\u = 0. Then f\E„ is a c°°-map and hence smooth (as En is metrizable), 
for each n G N. However, / is discontinuous (and hence not for any 
r G No U {cxo}). In fact, if / was continuous, then /^^(R^) C U would be a 
0-neighbourhood in E and hence also U, contradicting our choice of U. Like 
any countable locally convex direct hmit of nuclear spaces, E is nuclear [52, 
§7.4, Corollary] and hence smoothly regular (see Remark 1.9). □ 

We close this section with a variant of Yamasaki's Theorem for Lie groups. 

Proposition 3.6 Let G = IJneN be a Lie group, where L(Gn) is metriz- 
able for each n G N. Assume that condition (i) or (ii) is satisfied: 

(i) G has a direct limit chart, and the direct sequence {L{Gn))nen is strict; 

(ii) For each n G N, the Lie group Gn has an exponential function which is 
a local homeomorphism at 0, and the direct sequence (Gn)neN is strict. 

If G — lim Gn as a topological space, then (a) or (b) holds: 

(a) Gn is a finite- dimensional Lie group, for each n G N; or: 

(b) There exists m G N such that Gm is open in Gn for each n >m. 

Proof. If (i) holds but neither (a) nor (b), then we find no G N such that 
L{Gno) — L{Gno+i) Q ■ ■ ■ is a strict direct sequence of infinite-dimensional 
Prechet spaces which does not become stationary, whence G ^ limG^ as a 
topological space by Theorem 3.3 (a) and Lemma 3.5 (a). 

If (ii) holds, then (L(G„))„gN is strict. To see this, given n > m define 
j :— L{in,ni) and let V C L{Gm) and W C L{Gn) be open 0-neighbourhoods 
such that := exp^j^ [y is a homeomorphism onto an open identity neigh- 
bourhood V C Gm, ip '■— exp(5^ |vK is a homeomorphism onto an open iden- 
tity neighbourhood W C G^ and j{V) C W. Since in,m is a topological 
embedding, there exists an open identity neighbourhood X C. W such that 
XnG„,^V; define X := V~^(^) Q W. Since exp^^ ojIv = in,m ° exp^^ |y 
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is a topological embedding, also j\v is an embedding, whence the continuous 
linear map j is injective. To see that j is a topological embedding, let {xk)keN 
be a sequence in L(G,n) such that j{xk) ^ in L{Gn)- After omitting finitely 
many terms, we may assume that i{xk) G X for each k. Then expg. {j{xk)) = 
in,miexpG^{xk)) e XnGm^V and yk := (p'^{expc^{j{xk))) ^ in 
Since yk G we have that j{yk) G 1^. Now ijj(j{xk)) = expc,„(j(2^fc)) = 
«n,m(expG.^(yfc)) = expQjj{yk)) = ijjUijjk)) by the definition of yk and nat- 
urality of exp. Since is injective, we deduce that j{xk) — j{yk) and hence 
Xk = Vk ^ ^- Thus j is an embedding. 

Now assume that (ii) holds but neither (a) nor (b). After passing to a suitable 
subsequence {Gni^)ken, we may assume that each G„ is infinite-dimensional 
and Gm is not open in G„ whenever n > m. Then L{Gm) (identified with 
L{in,m)-L{Gm)) is a proper vector subspace of L{Gn), because otherwise 
in,miGrn) D i„,^(expg^ (L(G„) ) ) = cxp^r^ (L(i„,„) . L(G„,) ) = expo^(L(G'„)) 
would contain an open identity neighbourhood and hence be an open sub- 
group (which we just ruled out). For any identity neighbourhood U C G^, 
we now show that its closure K := U in Gn cannot be compact. 

To see this, suppose to the contrary that K was compact. Let V, W, (f) 
and ^l) be as earlier in the proof. Since Gn is a regular topological space, 
it has a closed identity neighbourhood A Q Gn such that A Q W . Then 
Q :— (f)~^{Gm n A n K) is a 0-neighbourhood in L{Gm) such that ip{Q) has 
compact closure ipiQ) ^ Ar\ K, whence Q has compact closure ip^^ii'iQ)) 
in L{Gn)- The inclusion map L{Gm) —>■ L{Gn) being an embedding, this 
entails that Q is precompact and thus dim(L(Gm)) < oo (which is absurd). 

Now Yamasaki's Theorem shows that the direct limit topology does not make 
G a topological group. It therefore differs from given topology on G. □ 



4 Weak direct products of Lie groups 

In this section, we recall the definition of weak direct products of Lie groups 
and analyze their direct limit properties. 

4.1 If (G'i)ie/ is a family of topological groups, we let Hie/ ^« — Hje/ 

the subgroup of all families {gi)i(^i such that Qi = 1 for all but finitely many i. 

A box is a set of the form Hie/ '■— iYliu Hie/ '^^ere Ui C Gi is 
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open and 1 € C/j for all but finitely many i. It is well known that the set of 
boxes is a basis for a topology on Yllei making it a topological group. 

4.2 If {Gi)i(zi is a family of C£-Lie groups, where r e {oo,a;}, then Hie/^i 
can be made a C^-Lie group, modelled on the locally convex direct sum 
®i^jL[Gi) (sec [17]). The Lie group structure is characterized by the fol- 
lowing property (cf. [17, proof of Proposition 7.3]): For each i & I, let 
(pi'. Ui ^ Vi Q L{Gi) be a chart of Gi around 1 such that 0^(1) = 0. Let 
Ui C Ui be an open, symmetric identity neighbourhood such that UiUi C JJ^, 
Vi :— 4>{Ui), and (f)i :— 4>i\ui- Then 

i&I iei 

is a chart for Yl*^jGi. If / is countable, then L{Gi) carries the box 

topology, entailing that the topology underlying the Lie group YUei ^« 

box topology from 4.1 (because the sets of identity neighbourhoods coincide). 

Remark 4.3 Assume that / = N in the preceding situation. Then, as is 
clear, Yln^n = hm 11^=1 ^fc abstract group. Since n restricts to 

'neN 

the chart HLi ■ HLi HLi ^fe of HLi ^k, we see that YTneN = 

UneN 11^=1 admits a strict direct limit chart. 

Lemma 4.4 Let (Gn)neN be a sequence of topological groups, H be a topo- 
logical group and /„ : G„ H be a map which is continuous at 1 and such 
that fni^) = 1- Then the map /: nneN^?* ~^ ^ taking x — (x„)„gN to 

f{x) := fi{xi)f2{x2) ■ • ■ fNixN) if Xn^l for alln> N 

is continuous at 1. In particular, HneN ~ 11^=1 ^k in the category 

of topological groups. 

Proof. Given an identity neighbourhood Vq C if, there is a sequence 
(Ki)neN of identity neighbourhoods of H such that VnVn ^ Vn-i for each 
n e N. Then V1V2 ■ ■ - Vn C Vq, for each n e N. Since is continu- 
ous at 1, the preimage '■= fn^{Vn) is an identity neighbourhood in 
Then U :— IlneN identity neighbourhood in G :— HneN su.ch. 

that f{U) C Vq. In fact, if x G C/ and x„ = 1 for all n > N. then 
f{x) — fi{xi) ■ ■ ■ /Ar(xjv) & Vi ■ ■ - Vn Q Vq. Hence / is continuous at 1. 
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To prove the final assertion, let / : G — > i7 be a homomorphism to a topo- 
logical group H such that /„ := /|g„ • Gn H is continuous for each n G N. 
Since / is a homomorphism, given x & G with x„ = 1 for n > N we have 

f{x) = f{xi • • • xjv) = f{xi) ■ ■ ■ f{xN) = • • • /iv(a;jv) ■ 

Thus / is a mapping of the form just discussed. Therefore / is continuous 
at 1 and hence continuous, being a homomorphism. □ 

Proposition 4.5 Let (G„)nGN be a sequence of -Lie groups modelled on 
locally convex spaces. Then 
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holds as a topological group, and as a C^-Lie group. 

Proof. By Lemma 4.4, G :— HneN Gn has the desired direct hmit property 
in the category of topological groups. Since G admits a direct limit chart 
(see Remark 4.3), it also is the desired direct limit in the category of C^-Lie 
groups, by Theorem 2.6. □ 

Remark 4.6 There is no uniform answer concerning the validity of (4) in 
the categories of topological spaces resp., smooth manifolds. 

(a) If each Gn is modelled on a Silva space (or on a A;a;-space, as in 9.2), 
then (4) holds in the category of topological spaces and the category of 
C^-manifolds, for each r G Nq U {oo} (see Proposition 9.8 (ii) below). 
In particular, this is the case if each G„ is finite-dimensional. 

(b) If each Gn is modelled on an infinite-dimensional Frcchet space, then 
IlneN^" 7^ ^™ 11^=1 ^fc ^ topological space, by Theorem 3.3(a) 
and Lemma 3.5 (a). If L{Gn) is an infinite-dimensional nuclear Frechet 
space for each n G N, then HnGN Gn 7^ hm 11^=1 Gk as a CjJ-manifold 
for each r G No U {oo}, by Theorem 3.3 (b) and Lemma 3.5 (b). 

(c) Suppose that, for some r G No U {oo}, each L{Gn) is C'-regular, and 
0^gpjL(G„) ^ \\m Y[l=iL{Gk) as a Cj^-manifold. Then @neii^i^n) 
is C'-regular (by Proposition A.l in the appendix) and therefore 
rinGN^n ^ nA:=i ^fc ^ C^-mauifold, by Theorem 3.3(b). 
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5 Diffeomorphism groups 



In this section, we outline the proofs of the results concerning diffeomorphism 
groups described in the Introduction. 

5.1 Recall that the Lie group Diffc(M) is modelled on the space C^{M, TM) 
of compactly supported smooth vector fields. To obtain a chart around idM, 
one chooses a smooth Riemannian metric g on M, with associated exponen- 
tial map expg. Then there is an open 0-neighbourhood V C C^{M,TM) 
with the following properties: For each 7 G the composition :— 
expg 07 makes sense and is a C°^-diffeomorphism of M; ip: V ^ Diffc(M) is 
injective; and (p := : U ^ V (with U := ipiV)) is a chart for Diffc(M). 
Furthermore, it can be achieved that, for each compact subset K C M, 
(j){U n DiffK(M)) = F n C^{M,TM) and the restriction of to a map 
UnDiSK{M) Vf\C^{M,TM) is a chart for Difr;^(M) (see [29]; cf. [42]). 

Remark 5.2 Let Ki C K2 C ■ ■ • be an exhaustion of M by compact sets, 
i.e., M — UnGN-^n Q ^^^h n G N, where is the 

interior of K^+i- Then (ii'n)nGN is a cofinal subsequence of the directed set of 
all compact subsets of M. It is clear that any chart of Diffc(M) of the form 
just described is a strict direct limit chart of Diff c(M) = [j^^^DiSKni^)- 

We begin with the negative results. 

Proposition 5.3 Let M be a a-compact, non-compact, finite- dimensional 
smooth manifold of positive dimension. Then there exists a discontinuous 
function f: Diffc(M) — > R whose restriction to Diff^(M) is smooth, for 
each compact set K C M . Hence Diffc(M) 7^ lim Diffx(M) as a topological 
space and as a -manifold, for each r e No U {00}. 

Proof. Let {Kn)nm be an exhaustion of M by compact sets. Then the space 
(M, TM) of smooth vector fields on M supported in Kn is a nuclear 
Frechet space (cf. [50], [52], [54]), and the direct sequence (C£(M, TM))„gN 
is strict (each topology being induced by C°°{Ai, TM)) and docs not become 
stationary. Hence Lemma 3.5 (b) and its proof show that the locally con- 
vex direct hmit C^{M,TM) = lim C^^(M,rM) is smoothly regular, and 

that there is a discontinuous map h: C^{M,TM) — > R which is smooth on 

C]^^{M,TM) for each n E N. After composing with a translation, we may 
assume that h is discontinuous at 0. Since Diff c(M) — [j^^^DiSK„{M) has 
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a direct limit chart (Remark 5.2), the proof of Lemma 3.2 (b) enables us to 
manufacture a function /: Diffc(M) M which is discontinuous at id^, 
although its restriction to Diff;^^(M) is smooth for each neN. □ 

Proposition 5.4 Let M be a non-compact, a-compact finite- dimensional 
smooth manifold. Then Diffc(M) = lim DiSxiM) in the category of topolog- 
ical groups, and in the category of Lie groups. 

The proof hinges on the technique of fragmentation. The idea of fragmen- 
tation is to write a compactly supported diffeomorphism as a composition 
of diffeomorphisms supported in given sets (cf. [3, §2.1] and the references 
therein; cf. also [32] for fragmentation in the convenient setting of analy- 
sis). The following lemma (proved in Section 6) establishes a link between 
fragmentation and weak direct products; it asserts that, close to idM, dif- 
feomorphisms can be decomposed smoothly into pieces supported in some 
locally finite cover of compact sets. 

Lemma 5.5 (Fragmentation Lemma for Diffeomorphism Groups) 

For any finite- dimensional, a-compact C°° -manifold M, the following holds: 

(a) There exists a locally finite cover {Kn)n£n of M by compact sets, an 
open identity neighbourhood Q C Diff c(M) and a smooth map 

such that $(1) = 1 and 7 = 71 o • • • o 7^ for each j & fl and each 
sufficiently large n. 

(b) If{Un)nen 'is a locally finite cover of M by relatively compact, open sets, 
then {Kn)n(z^ in (a) can be chosen such that C f/„ for all n G N. □ 

Proof of Proposition 5.4. Because the hypotheses of Theorem 2.6 are 
satisfied by Diff c(M) and a cofinal subsequence of its Lie subgroups Diffi^(M) 
(see Remark 5.2), we only need to show that Diffc(M) = hm T)\S.k{M) as a 

topological group. To this end, let /: Diffc(M) — > if be a homomorphism 
to a topological group H whose restriction fx ■ DiSxiM) — > to Diffft-(M) 

is continuous, for each compact subset K C M. We have to show that / 
is continuous. Let {Kn)neN and $ be as in the Fragmentation Lemma and 
consider the auxiliary function h: Yinen ^^^k„{M) H, 

/i((7n)neN) := /ii:i(7i) • ■ ■ ■ • hi^ilN) if 7n 1 for all n> N, 
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which is continuous at 1 by Lemma 4.4. Then /|n = /i o since / is a 
homomorphism. Thus also / is continuous at 1 and hence continuous. □ 

6 Smooth fragmentation of diffeomorphisms 

In this section, we prove the Fragmentation Lemma for diffeomorphism groups 
(Lemma 5.5). We start with a preparatory lemma. 

Lemma 6.1 Let r G Nq U {oo} and tt: E ^ M he a C -vector bundle over 
a a-compact finite- dimensional C' -manifold M . Let P C Cl{M, E) be a 0- 
neighbourhood in the space of compactly supported -sections, and (sn)neN 
be a sequence in C"'(M, M) such that, for each compact set K C M, there 
exists N & N such that SuIk = s„i\k for all n,m > N. Then there is a 
-neighbourhood Q Q P such that Sn ■ Q Q P for all neN. 

Proof. Let (C/n)neN be a locally finite cover of M by relatively compact, 
open sets. Then the linear map 

p: C:{M,E) -^^C'{U^,E\uJ , 7 ^ illujnm 

neN 

is a topological embedding (see [28] or [24, Proposition F.19]). Hence, there 
are open 0-neighbourhoods Vn Q C^{Un, E\u„) such that P~^(0„gi^ Ki) Q P- 
The hypothesis entails that F„ := {sk\un'- A; G N} is a finite set, for each 
neN. Fix n e N. Since C''{Un,E\u^) is a topological ^(t/n, M)-module 
(see [28] or [24, Corollary F.13]), for each s G -F„ the multiplication operator 
C^{Un, E\u„) —>■ C^{Un, E\u„), 7 I— >■ s-7 is continuous. Hence, there exists an 
open 0-neighbourhood Wn C Vn such that s ■ Wn C Vn for all s e F„. Then 
Q :— (0„gpj W^n) C P is an open 0-neighbourhood such that Sn ■ Q Q P 
for each neN. The proof is complete. □ 

6.2 To prove Lemma 5.5, let (C/n)neN be a locally finite cover of M be rel- 
atively compact, open subsets Un C M, and {hn)neN be a smooth partition 
of unity of M such that Kn '■= supp(/i„) C f/„ for each neN. For each 
n e No, we set s„ := ^"^^ h^. We define Uq := Kq := 0. For each n e N, we 
set Wn := Un U Un-i and choose C„ e C~(1^„,M) such that Cn\K„uK„-i = 1- 
We abbreviate L„ := supp(^„). 
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6.3 Let (p: U C C^{M,TM) be a chart of Diff^(M) around idw such 
that 0(idM) = and restricts to a chart f/nDiff^lM) -> VnC'^{M,TM) 
of Diffx(M), for each compact subset K C M (see 5.1). There exists an 
open, symmetric identity neighbourhood U <^ U such that UU C U. Set 
y := 01^, and let 0„: Ur)DiSK„{M) Vr)C^jM,TM) be the 
restriction of to a chart of Diffx„(M). By 4.2, the map 

:= ITneniU nDiSK^iM)) ^ 0(1^ n C£(M, TM)) (5) 

sending (?7n)„gN to (0n(^n))n6N is a chart of []* Diff (^) around 1. 

6.4 Pick an open, symmetric identity neighbourhood P C. U such that PP C 
J7. Let Q :— (j){P). By Lemma 6.1, there is an open 0-neighbourhood 
S C Q such that s„ • 5 C Q for all n e N. We set i? := (p'^iS). In local 
coordinates, the group multiplication of Diff,.(M) corresponds to the smooth 
map /J,: Q X Q ^ V , h{(J,t) := a * t := 0(0~"^((t) o 0^^(r)). The group 
inversion corresponds to the smooth map Q — ^ Q, cr i— > := (f){(f)~^{a)~^). 
For each compact set K C M, the local multiphcation restricts to a smooth 
map {Q n C^{M,TM)f ^Vn C^{M,TM), and the local inversion to a 
smooth map Q n C^{M, TM) ^ Q D C]^{M, TM). 

6.5 Given 7 e i? and n e Nq, we define s„07 e P via s„07 := (•5n-0(7)) • 
For each n G N, we let 7^ := (s„_i ©7)"^ o (s„ ©7) e C/. Since (sn 07)(a;) = 
(s„_i © 7)(a;) for all a; G M \ K„, wc have 7n(a;) = x for such x and thus 
7„ G C^„(M, TM) n [/. Given 7, there is iV G N such that f/„ H supp(7) = 
for all n > N. Then Sn|supp(7) ~ -'- ^^"^ thus ©7 = 7 for all n > N, whence 
71 o • • • o 7„ = s„ © 7 = 7 for all n > A/". Thus 

$: ^ n:eNDiffK„(M) , $(7) := (7„)„eN 

has the desired properties, except for smoothness. To complete the proof, we 
show that $|f2 is smooth for some open identity neighbourhood Q C R. 

6.6 Since (H^n)neN is a locally finite cover of M by relatively compact, open 
sets, the map 

p: C^{M,TM) ^ ^C^{W^,TW^) , 7 ^ {^\wJneN 

neN 
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is continuous linear (and in fact an embedding onto a closed vector sub- 
space, see [28] or [24, Proposition F.19]). Because C°°(Wn,TWn) is a topo- 
logical C°°(W^„,]R) -module (see [28] or [24, Corollary F.13]), the multiplica- 
tion operators C°°(W^„, W„) ^ C^jWn,TWn), 7 ^ • Sn\w„ ■ 7 and 
A„: C^{Wn,TWn) ^ Cr„(W„,TW„), 7 ^ • s„-i|h^„ • 7 are continuous 
linear. Then 

A := 0(A„, /xO : C^°°(W^n, TW^) ^ Cr„(W-n, TW^n) xCr„(W-n, TWn) 

n€N neN neN 

is continuous linear. The restriction map p„ : (M, TM) C^^ ( W„, T1V„) 
is an isomorphism of topological vector spaces for each n e N (see [28] or 
[24, Lemma F15 (b)]), whence so is 

neN neN neN 

6.7 Then Z := {7 e V: {poXop){^) e ^^^^{Q n CZ{M,TM)f} is an 
open identity neighbourhood in V. For each neN, the map 

is smooth. Therefore, by [17, Proposition 7.1], also the map g := 0„gpjfi'n: 
®nmiQ n CZ{M,TM)f e„^j,(V n CrjM,TM)) is smooth. Then 
g o p o \ o p\z is a smooth map with values in the closed vector subspace 
®nmCZiM,TM) of e„^j,Cr„(M,rM), and hence is C~ also as a map 
into this vector subspace (see Lemma 1.3). We now consider g o p o X o p\z 
as a C°°-map into the open 0-neighbourhood ©^^^(V' n C'^^{M,TM)) C 
^^^j^C]^^{M,TM). Then fl := 4>~^{Z) is an open identity neighbourhood 
in Diffc(M), and the formula 

= o g o po Xo p\z o 

shows that $ is smooth. This completes the proof of Lemma 5.5. □ 

Remcirk 6.8 Closer inspection shows that Q can be chosen of the form Q — 
Diffc(M) n ill for some open identity neighbourhood C DiffJ(M) in the 
topological group of compactly supported C^-diffeomorphisms. 

The function $ in the Fragmentation Lemma is not unique, and in fact 
various constructions give rise to such functions. The simple construction 
used in this section has been adapted from [32]. 
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7 Test function groups 



In this section, we prove the results concerning direct hmit properties of test 
function groups described in the Introduction. More generally, we discuss 
Cl{M, H) for r e No U {00} and H an arbitrary (not necessarily finite- 
dimensional) smooth or K-analytic Lie group. 

7.1 We recall: If r e Nq U {cxo} and s e {00,0;}, M is a cr-compact finite- 
dimensional C^- manifold and H a C|^-Lie group, then the group Cl{M, H) of 
all compactly supported if- valued C^-maps on M is a C^-Lie group, modelled 
on the locally convex direct limit Cl{M,L{H)) = lim C^(M, Its Lie 

group structure is characterized by the following property: Let : U ^ V C 
L{H) be a chart of H around 1 such that 0(1) = 0, and U O U be an 
open, symmetric identity neighbourhood such that UU C 0. Set V :— (t>{U) 
and (f) := 0|^. Then Cl{M,U) := {7 e Cl{M,H): 7(M) C U} is open in 
Cl{M,H) and 

C:{M,<I>):C:{M,U)^C:{M,V), 7^007 

is chaHforC;{M,H) (cf. [14, §4.2]). 

Remcirk 7.2 Let Ki C ^ ■ • • be an exhaustion of M by compact 
sets K^. Since C^„(M,0): C^JM, [/) ^ C^„(M,y) C C^JM,L(//)) is 

a chart of C^JM^H) for each n G N (see [14, §3.2]), where C}^^{M,U) = 
Cl{M, U)nC^K (M, H), we deduce that C;(M, 0) is a strict direct limit chart 
forQ(M,i/) = U„eN^k(Af,i/). 

We begin our discussion of direct limit properties with the negative results. 

Proposition 7.3 Let M be a a-compact, non-compact, finite- dimensional 
smooth manifold of positive dimension and H be a non-discrete Lie group 
whose locally convex modelling space is smoothly regular {for instance, a 
finite- dimensional Lie group). Then there exists a discontinuous map 

f: C^{M,H) C^{M,M) 

whose restriction to C'^{M, H) is , for each compact set K C M . Hence 
C^i^M, H) 7^ lim C^(M, H) as a topological space and as a C^-manifold, for 
any s e No U {00}. 
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The proof uses the following variant of Lemma 3.1. 

Lemma 7.4 Given r e No U {00} , let M he a a -compact finite- dimensional 
-manifold, H he a Lie group modelled on a locally convex space which is 
smoothly regular, and P C H be an open identity neighbourhood. Then there 
exists a smooth map p: Cl{M, H) Cl{M, H) with the following properties: 

(a) The image of p is contained in C^{M,P); 

(b) There exists an open identity neighbourhood Q C. P such that p{j) = 7 
for each 7 e C^{M, Q); and 

(c) p restricts to a smooth map from C^(M, H) to C^(M, P) C C^(M, H), 
for each compact subset K ^ M. 

Proof. Using Lemma 3.1 (e), we find a smooth map f:H^P and an 
open identity neighbourhood Q Q P such that /|q = id^. By [14, Proposi- 
tions 3.20 and 4.20], the map 

p := Cl(M, f) : Cl{M, H) ^ Cl{M, H) , 7 ^ / ° 7 

is smooth and induces smooth self-maps of C]^(M, H) for each compact sub- 
set K C M. By construction, it also has all other desired properties. □ 

Proof of Proposition 7.3. By [21, Proposition 3.1], there exists a mapping 
h: C°°{M,L{H)) C^{M,R) which is discontinuous at 0, and such that 
h\c]^{M,L{H)) is smooth for each compact subset K C M. Choose a chart 
(f):U^VC L{H) of H around 1 such that 0(1) = and such that * := 
C~(M,0): C^{M,U) C^{M,V) is a chart of C^{M,H) and restricts 
to a chart of C'^{M^H) with domain C^{M,U), for each compact subset 
K C M. Let P C U and p: C^{M,H) C^{M,P) be as in Lemma 7.4. 
Then the map 

f -.^ho-^ o p: C^{M,H) ^ C^{M, M) 

is discontinuous at 1. Since p restricts to a smooth map from C'^{M,H) 
to C^{M,U) and ^ to a smooth map from C^{M,U) to C^(M,y) C 
C^(M, L{H)), it follows that h is smooth on each C^(M, H). □ 
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Remark 7.5 Given r e Nq U {oo}, let M be a cr-compact, non-compact, 
finite-dimensional C^-manifold of positive dimension, and H he a, Lie group 
modelled on a metrizable locally convex space 7^ {0}. Then C^j^{M,H) is 
metrizable (cf. [24, Proposition 4.19 (c) and (d)]). Using Proposition 3.6 (i), 
we deduce that Cl{M, H) ^ hm C]^(M, H) as a topological space. 

Next, we establish the positive results. 

Proposition 7.6 Let M he a a-compact, finite- dimensional C^-manifold, 
where r e Mq U {cxd}, and H he a C^-Lie group modelled on a locally convex 
space. Then C^{M,H) — lim C^(M,i7) as a topological group and as a 
C^-Lie group. 

The next lemma (proved in Section 8) helps us to prove Proposition 7.6. 

Lemma 7.7 (Fragmentation Lemma for Test Function Groups) For 

r e NoU{oo} and s G {00,0;}; let H be a C^-Lie group modelled on a locally 
convex space and M be a a-compact, finite- dimensional C^-manifold. 

(a) Then there exists a locally finite cover {Kn)neN of M by compact sets, 
an open identity neighbourhood ft C Cl{M, H) and a C^-map 

$ : ^ ^ n;eN H), 7 $(^) =: 

such that $(1) = 1 and 7 = 7172 • • • 7n for each 7 e and each 
sufficiently large n. 

(b) If{Un)n& is a locally finite cover of M by relatively compact, open sets, 
then it can be achieved in (a) that Kn Q Un for each n □ 

Remark 7.8 Considering a finite-dimensional Lie group as a real analytic 
Lie group. Lemma 7.7 provides a real analytic fragmentation map in this case. 

Proof of Proposition 7.6. By Remark 7.2, the hypotheses of Proposi- 
tion 2.6 are satisfied by C^{M,H) and any cofinal subsequence of its Lie 
subgroups C'^{M,H). Therefore, we only need to show that Cl{M,H) = 
hm Cj({M, H) as a topological group. Using Lemma 7.7 instead of Lemma 5.5, 
we can show this exactly as in the proof of Proposition 5.4. □ 
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Remcirk 7.9 While the case of a complex Lie group H is included in Propo- 
sition 7.6, we had to exclude it from Proposition 7.3, and the direct limit 
properties of C^{M,H) in the category of complex manifolds remain elusive 
(because localization arguments do not work in the complex case). The fol- 
lowing example makes it clear that the direct limit property can fail in some 
cases (but there is no argument for the general case) . We consider the map 

f:C^{M,C)^C^{MxM,C), 7 ^7® 7 

with (7 ® j){x,y) := ^{x)j{y), which is a homogeneous polynomial of 
degree 2. It is clear from [15, Proposition 7.1] and [14, Lemma 3.7] that 
the restriction of / to C^(M, C) is a continuous homogeneous polynomial of 
degree 2 and hence complex analytic. However, / is discontinuous because 
the symmetric bilinear map C^(M, C)^ ^ C^{M x M, C) associated to / 
via polarization is discontinuous (cf. [53, Theorem 2.4]). 

Remcirk 7.10 If if is a real analytic Lie group, then also Cl{M,H) and 
C^{M, H) are real analytic Lie groups, and one may ask whether Cl{M, H) — 
\imC^{M, H) as a C^-Lie group or as a C^-manifold. However, since real 
analyticity is an even more delicate property than complex analyticity, one 
cannot expect results except in special situations. We therefore refrain from 
any attempt in this direction, and merely remind the reader of a notorious 
pathology: Already on MS^^ = Cg(N, M), non-analytic real- valued functions 
exist which are on W = C[i, . „^(N, K) for each n e N [39, Example 10.8]. 

8 Smooth fragmentation of test functions 

This section is devoted to the proof of the Fragmentation Lemma for test 
function groups (Lemma 7.7). We proceed in steps. 

8.1 Let (t/n)neN be a locally finite cover of M be relatively compact, open 
subsets Un C M, and (/tn)neN be a C""-partition of unity of M such that 
Kn :— supp(/in) C Un for each n e N. For each n e No, we set s„ := Y^^=i ^i- 
We define Uq := Kq := 0. For each n G N, we set W„ := C/„ U Un-i and 
choose G C:iWn,R) such that U^n) Q [0,1] and Cnk^ui^^-i = 1- We 
abbreviate L„ := supp((^„). 

8.2 Pick a chart 0": U" V" C L{H) of H around 1 such that 0"(1) = 0. 
Let [/' C [/ be an open, symmetric identity neighbourhood with U'U' C U" . 
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Set V':= (t)"(U') and 0':= (/."|^;. Then Q(M, 0') : C'^{M, U') C^{M, V) C 
Q(M, is a chart of Q(M, iJ) and C]^(M, 0') : C^(M, f/') ^ C'j^iM, V) 

C C'k{M,L{H)) is a chart of C^(M,i7), for each compact subset K C M. 
Let L'^ C ^7' be an open, symmetric identity neighbourhood with UU C U', 
and set F := and := ^'l^^. Then the map 

^■■=® C^M, ct>) : n:eN^k(^> ^ ^) > (6) 

nGN nGN 

(?7n)n€N ^ {(j) o r]n)n&i IS a chart of nngNC^„(M, i7) around 1 (see 4.2). 

8.3 There exists an open, symmetric identity neighbourhood P C. U such 
that PP C U. We set Q := 4>{P), let S C Q be an open 0-neighbourhood 
such that [0, 1]5 = S, and define i? := (p'^{S). In local coordinates, the 
group multiplication of Cl{M,H) corresponds to the map n: Q x Q ^ V, 
l^{a,T) := a*T := 0(0"^(cr)0"^(T)). We write r"^ := 0(0"^(t)"^) for r eQ. 

8.4 Given 7 e Cl{M,R) and /?. G such that /?.(Af) C [0,1], we 
define h Q e Cl{M,R) via {h 7)(;r) := 0"^(/i(a;) ■ 0(7(2;))). For each 
n e N, we let 7„ := (s„_i 7)'i(s„ 7) G C,"(M, f/). Since (s„ 7)(,t) = 
{sn-i for all a; G M \ i^'n, we have 7„ G C]^^(M, ?7). Given 7, there 
is G N such that [/„ n supp(7) = for all n> N. Then s„ 7 = 7 for all 
n> N, whence 71 • • • 7„ = 7 for all n> N. Thus 

C:(M, R) n:GN^k(^' ^) > ^(7) := (7n)nGN 

will have the desired properties, if we can show that this map is C^. 

8.5 Since {Wn)nm is a locally finite cover of M by relatively compact, open 
sets, the map 

p: C^M, L{H)) C'{Wn, L{H)) , 7 ^ (7kJnGN 

is continuous linear (and in fact an embedding onto a closed vector sub- 
space, see [28] or [24, Proposition 8.13]). Because C^{Wn,L{H)) is a topo- 
logical C"'(H/n,K)-module (see [28] or [24, Proposition 9.1(b)]), the multi- 
plication operators //„: C"'(W„, L{H)) C£^(Wn, L{H)), j ^ ■ Snk„ • 7 
and A„: C"'(W„, L(iJ)) Cl^{Wn, L{H)), ^ ■ Sn-i\wn ' 7 are continu- 
ous linear. Identifying Cl^{Wn,L{H)y with C£ L(ii") x L{H)) in the 



31 



natural way (cf. [14, Lemma 3.4]), we can consider (A„,//„) as a continuous 
linear map into CljWn,L{Hf). Then 

A := 0(A„, /.O : C^iWn, L{H)) ^ Cl^iW^, L{Hf) 

nGN nGN nGN 

is continuous linear. Now A o p is a continuous linear map which restricts 
to a C^-map /: C;(M,5) ^ ^^m'^l {^n,S x S). We define a mapping 

gn- ClJWn,Sx S) ^ Cl^{Wn,V) via " 

gnir.a) := r"^ * a , 

using local inversion, resp., the local multiplication * pointwise. Then each 
Qn is C^, as a consequence of [14, Corollaries 3.11 and 3.12], and thus also 

9--=®9n- 0Q„(W^n,^)-0Q„(W^n,V^) 
nGN nGN nGN 

is by [17, Proposition 7.1 and Corollary 7.2]. Note that goXop has image 
in the closed vector subspace 0^^^, C]^„(l^n, L{H)) of ^^^^ Cl^{Wn, L{H)); 
we may therefore consider go f as a, C^-map into 0„eN^^„(^"' ^) O^y 
Lemma 1.3). For each n G N,themapp„: C^^(M, L(i7)) ^ Cf^jWn, L{H)), 
7 I— 7|vi^„ is an isomorphism of locally convex spaces (see [24, Lemma 4.24] 
or [28]), whence also 

nGN nGN nGN 

is an isomorphism of locally convex spaces. Consequently, the composition 

$ = K-'oi;ogofoC:{M,cj>\i) 

is a C|^-map from Cl{M, R) to nnGN^^„(-^' where k is as in (6). This 
completes the proof of Lemma 7.7. □ 

Remark 8.6 The proof shows that (i^„)nGN can be chosen independently of 
r and H, and that Q, can be chosen of the form Cl{M, U). 
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9 Direct limit properties of Silva-Lie groups 
and Lie groups modelled on fc^j-spaces 

We describe conditions ensuring that a Lie group G = IJneN carries the 
direct hmit topology and is the direct hmit in all categories of interest. In 
particular, the result applies to many typical examples of Lie groups modelled 
on Silva spaces. We also obtain information on certain Lie groups modelled 
on koj-spaces. 

9.1 Recall that a locally convex space E is called a Silva space (or (LS)- 
space) if it is the locally convex direct limit E — UneN-^^ ~ lim£^„ of a 
scqTicnce i?i C £'2 C • • • of Banach spaces such that each inclusion map 
En En+i is a compact linear operator. Then E is Hausdorff (cf. [11, §7.3, 
Satz] and E = limii^„ as a topological space [11, §7.1, Satz]. The ascending 
sequence {En)n£N can always be chosen such that, for a suitable norm on En 

^ 

defining its topology, all closed balls B^"{x), x e E^ r > 0, are compact in 
En+i (cf. [37, §7.3, Proposition 1]). It it clear from the definition that finite 
direct products of Silva spaces are Silva spaces; this will be useful later. 

9.2 A Hausdorff topological space X is called a k^-space if there exists an 
ascending sequence Ki C. K2 Q ■ ■ ■ compact subsets of X such that 
X — UngN -^n U Q X is open if and only \IU H Kn is open in Kn, for 
each n e N (i.e., X — limKn as a topological space). Then {Kn)nm is called 
a ki^- sequence for X. For background information concerning /c^-spaces with 
a view towards direct limit constructions, see [30]. 

Example 9.3 The dual space E' of every metrizable locally convex space E 
is a fc^^-spacc when equipped with the topology of compact convergence (cf. 
[1, Corollary 4.7 and Proposition 5.5]). We write E'^ if this topology is used. 

Example 9.4 Every Silva space is a /c^^-space. In fact, E is reflexive 
by [11, §9, Satz 6] and thus E = (El)'^, using the topology of bounded 
convergence. Since i?^ is a Frechet-Schwartz space [11, §9, Satz 6], bounded 
subsets in E"^ are relatively compact and hence (£'^)b = (-E'^)c- But (£^b)c is 
k^^, by Example 9.3. 

Example 9.5 If E is an infinite-dimensional Banach space (or, more gen- 
erally, a Frechet space which is not a Schwartz space), then E'^ is a locally 
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convex space which is a fc^^-space but not a Silva-space. In fact, if E'^ was 
Silva, then {E'^)[ would be a Frcchet-Schwartz space [11, §9, Satz 6]. Here 
{E'J'f^ = (i?c)c since bounded subsets of Silva spaces are relatively compact 
[11, §7.6]. Since E = {E'^)'^ holds for every Frechet space [2, Proposition 15.2], 
we deduce that is a Prechet-Schwartz space, contradicting our hypotheses. 

The following facts concerning /cj^-spaces will be used: 
Lemma 9.6 (a) If X and Y are k^-spaces, then also X xY . 

(b) Let {{Xn)nm, iin,m)n>m) bc a direct sequence of k^^-spaces and con- 
tinuous maps in,m- ~^ ^n, with direct limit Hausdorff topological 
space X. Then X is a k^-space. If each in is injective, then the direct 
limit topological space lim X^ is Hausdorff. 

(c) Let {{En)nei^, {'in,m)n>m) be a direct sequence of locally convex spaces 
which are k^-spaces, and continuous linear maps in,m '■ En- Then 
the Hausdorff locally convex direct limit E coincides with the direct limit 
Hausdorff topological space {as discussed in (b)). 

Proof, (a) See, e.g., [30, Proposition 4.2(c)]. 

(b) The case of injective direct sequences is covered by [30, Proposi- 
tion 4.5]. In the general case, let in'- Xn — ^ X be the limit map, and 

'■= ini^n), equipped with the quotient topology, which is Hausdorff and 
hence k^^ by [30, Proposition 4.2]. Then X — limX„ as a topological space, 
and so X is k^j by [30, Proposition 4.5]. 

(c) As in (b), after passing to Hausdorff quotients we may assume that 
each in (and in,m) is injective. But this case is [30, Proposition 7.12]. □ 

The following situation arises frequently: We are given a map / : U —>■ F, 
where E and F are Hausdorff locally convex topological K-vector spaces and 

U a subset of E; we would like to show that U is open and / is for some 
r G No U {oo}. We are given the following information: E is the Hausdorff 
locally convex direct limit of a sequence {{En)neN, {'in,m)n>m) of Hausdorff 
locally convex spaces En and continuous homomorphisms in,m' — > Em 
with limit maps in'- En ^ E- Also, U — UneN^"(^")' where C/„ C En is 
an open subset such that in,m{Um) ^ Un if n > m- Finally, we assume that 
fn-^fo in\un ■- Un^ F is for each n e N. 
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Lemma 9.7 In the preceding situation, suppose that (a) or (b) holds: 

(a) Each En is a Banach space and each of the linear maps in,m is compact. 

(b) Each En is a Silva space or, more generally, a k^-space. 
Then U is open in E and f is C^. 

Proof. Let Nn be the kernel of the hmit map En E. Then En '■= En/Nn 
is a Banach space (resp., fc^^-space). Let Qn' En ^ En be the quotient map, 
and in,m '■ — > En be the continuous hnear map determined by in,m °Qm — 
Qn°in,m (which is again a compact operator in case (a)). Then E = lira En as 

a locally convex space, together with the continuous linear maps in - En ^ E 
determined by in° Qn = in- The set Un '-= qn{Un) is open in En and /„ factors 
to a map Qn ■= f ° in- Un ^ F determined by gnO qn\un = fn, which is C£ 
by [4, Lemma 10.4]. Furthermore, U — UnGN^'i(^n)- After replacing by 
En, we may thus assume now that each in,m is injective. 

Recall that E = limii^„ as a topological space (see 9.1 in the situation of (a), 

resp.. Lemma 9.6 (b) and (c) in the situation of (b)). Hence U is open in E 
and U — limC/„, by Lemma 1.7. 

To see that / is C£, we may assume that r e Nq, and proceed by induction. 
If r = 0, then / is continuous since U — limC/„ as a topological space. 

Now assume that the assertion holds for r and that each / o i„ is C^^. 
Then / is continuous. Given x' E U and y' e E, there exists n e N and 

X E Un, y & En such that x' = in{x), y' = in{y)- Then the directional 
derivative d{f oin){x,y) = ft\t=of^^^^^ + ^y^^ = ^L=o^(^"(^) + ^^niv)) = 
J^|(_o/(^' + ^y') — df{x',y') exists. The preceding calculation shows that 

df O {in X in)|[/„x£„ = d{f O in) (7) 

for each n G N, which is a C^-map. Since E x E = lim En x En is a. locally 

convex direct limit of the form described in (a), resp., (b) (see 9.1 resp.. 
Lemma 9.6 (a)), the map df is by induction and hence / is C^'^. □ 

Note that E in Lemma 9.7 is a /c^-space, by 9.4, resp.. Lemma 9.6 (b) and (c). 

Proposition 9.8 Let G = UneN ^ C'^-Lze group admitting a direct 

limit chart and assume that at least one of the following conditions is satisfied: 
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(i) Gu is a Banach-Lie group for each n & N, and the inclusion map 
L{Gjn) L{Gn) is a compact linear operator, for all m < n. 

(ii) L{Gn) is a k^j-space, for each n e N. 

Then G — limG„ as a topological space, topological group, C^-Lie group, 
and as a C^-manifold, for each r e Nq U {00} . 

Proof. Let (p: U ^ V L[G) be a direct limit chart around 1, where 
U = UneN V = IJ^gpj Vn and = |J„gj^ (j)n for charts (pn- Un ^ Vn <^ 
L{Gn) of Gn around 1. Suppose that /: G ^ X is a map to a topofogical 
space (resp., C^-manifold) X, such that /Ig,, is continuous (resp., C^^, for 
each n G N. Then (/ o is continuous (resp., C^^ for each n G N and 
hence f ocj) is continuous (resp., C^) and thus also f\u, by Lemma 9.7. Given 
X G G, applying the same argument toh: G ^ X, h{y) := f{xy), we see that 
h\u (and hence also f\xu) is continuous, resp., C^. Hence / is continuous 
(resp., C^). We have shown that G — limG„ as a topological space and as a 
C^-manifold. The remaining direct limit properties follow. □ 



10 Groups of germs of Lie group- valued maps 

In this section, we begin our discussion of the Lie group r{K, H) of germs 
of analytic mappings with values in a Banach-Lie group H, where 7^ is a 
non-empty compact subset of a metrizable locally convex space X . For X 
and H finite-dimensional, V(yK, H) is modelled on a Silva space, and we 
obtain a prime example for the type of direct limit groups just discussed in 
Proposition 9.8 (i). This facilitates a complete clarification of the direct limit 
properties of T{K,H) (Proposition 10.6). In Section 11, we develop tools to 
tackle r{K,H) also for infinite-dimensional X and H (see Section 13). 

10.1 Let H he a Banach-Lie group over K G {M, C} and K ^ fj) a compact 
subset of a metrizable locally convex topological K-vector space X. Then 
the group G := r{K,H) of germs [7] of K-analytic maps 7: f/ ^ H on 
open neighbourhoods U C X of i^T is a Cj^-Lic group in a natural way, with 
the multiplication of germs induced by pointwise multiplication of functions 
(see [18]). We now recall the relevant aspects of the construction of the Lie 
group structure, starting with the case IK = C. In this case, T{K, H) is mod- 
elled on the locally convex direct limit T{K, L{H)) = lim Holb([/„, L(i7)), 
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where Ui ^ U2 ^ ■ ■ ■ is a fundamental sequence of open neighbourhoods 
of K. Here Holh^Un, L{H)) =: An is the Banach space of bounded holo- 
morphic functions from f/„ to L{H), equipped with the supremum norm 
||.||^^. The space T{K, H) is Hausdorff [18, §2]. We can (and will always) as- 
sume that each connected component of Un meets K] then all bonding maps 
jn,^: }lo\{Um-,L{H)) }iolb{Un,L{H)), 7 1-^ -f\u„, n > m, are injective 
and hence also all limit maps j„: Hol5(f/„, r{K, L[H)), 7 1-^ [7]. 

We occasionally identify 7 e Holb(t/„, L{H)) with jnil) = [j]- 

10.2 If K = R, choose open neighbourhoods Un as before and set C/„ := 

Un + iVn C Xq, where (Ki)neN is a basis of open, balanced 0-neighbourhoods 
in X. Set Cn := {7 e lioh{Un, L{H)c) : 7(t^n) Q L{H)} and 

A := {7|i/„: 7 e C„}. 

Then Cn is a closed real vector subspace of Hol5([/„, L(i/)c). Because 7 e 
Hol6(f/„, is uniquely determined by ^\u„, we see that I|7|f/„||A„ : = 
II7II00 (supremum-norm) for 7 as before with 'y{Un) ^ L{H) defines a norm 
on An making it a Banach space isomorphic to C„. We give r{K, L{H)) 
the vector topology making it the locally convex direct limit lim>l„. 

10.3 We may assume that the norm ||.|| on [) := L{H) defining its topology 
has been chosen such that |/]|| < ||a;|| ■ \\y\\ for all x,y G f). Choose 
£ e ]0, 1 log 2] such that expj:^ \b''{o) ^ diffeomorphism onto an open identity 
neighbourhood in H. Then the Baker-Campbell-Hausdorff series converges 
to a K-analytic function *: B^{0) x B^{0) i) (see [8, Ch. II, §7, no. 2]). We 
choose S e ]Q,e] such that 5j(0) * bJ(0) C B^{Q). Define 

Exp : r{K, L{H)) ^ r{K, H) , Exp([7]) := [exp^ o 7] . 

Then V[K, H) can be given a IK- analytic Lie group structure such that 
^ := Exp Iq is a C^-diffeomorphism onto an open identity neighbourhood in 
V{K,H), where Q := {[7] e V{K,L{H)): -f{K) C sj(0)} (see [18, §5]). We 
set P := *(Q) and := 

10.4 We now show that T{K, H) = IJneN for some Banach-Lie groups Gn, 
and that 0: P ^ Q is a direct limit chart. To this end, let C^{Um H) be 
the group of all K-analytic //-valued maps on Un- The BCH-series defines a 
K-analytic function *: S^"(0) x 5^"(0) ^ such that Bf^{Q)*Bf^{Q) C 
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-B^"(0). The map Exp„: An C"^(C4, H), Exp„(7) := exp^o7 is injective 
on Bf"{0), and application of point evaluations shows that Exp„(7 * r/) = 
Exp„(7) Exp„(?7) for all 7,77 G B^"{0). Set Q„ := fi/"(0) and P„ := 
Exp^(Qn)- Now standard arguments show that the subgroup G° of C"^(t/„, H) 
generated by Exp„(74„) can be made a Banach-Lie group with Lie algebra An 
and such that Exp„ |q„ is a C^-diffeomorphism onto P„, which is open in G° 
(cf. Proposition 18 in [8, Ch. Ill, §1, no. 9]). Thus 0„ := (Exp„ Ij^)"^: Pn^Qn 
is a chart for . If K = C, let Gn be the group of all 7 G C^{Un, H) such that 
sup (11 II : a; G Un} < cxo, a condition which ensures that the Lie algebra 

homomorphism An ^ An, r] ^ {x ^ K(i^,^^{7][x))), is continuous linear. If 
K = R, let Gn be the group of all 7 G C"^(C/„, H) such that C/„ ^ Aut(f)c), 
X 1-^ (Ad:^(^-))c has a complex analytic extension Un Aut([)c) which is 
bounded. Then G^ C Gn, and standard arguments provide a unique K- 
analytic manifold structure on Gn making it a Banach-Lie group with G° 
as an open subgroup (cf. [8, Ch. Ill, §1, no. 9, Prop. 18]). The restriction 
map in,m' Gm ^ G'n, 7 I— > 7|[/„ is an injective homomorphism for n > m, 
which is K-analytic because Exp„ o j„ „j = i„ o Exp^ with jVt,m : 
continuous linear. Likewise, in'- Gn — ^ T{K,H), 7 1-^ [7] is an injective ho- 
momorphism and K-analytic because Expoj„ = in o Exp„. We identify Gn 
with its image in{Gn) in V{K,H). Then V{K,H) = Uugn^'i- 
let [7] G T{K,H). If K = C, then Un Aut(f)), x ^ Ad^^) is bounded 
for some n G N. If K = M, then C/„ Aut(f)c), x ^ (Ad:^(^))c has a 
bounded complex analytic extension to Un for some n. Since Q — UneN^"' 
P — UneN ^ ~ UneN ^y*' ^® ^hat is a direct limit chart. 

10.5 If dim(X) < 00, we assume that C/n+i is relatively compact in Un, for 
each n G N (and Ki+i relatively compact in V^, if K = M). If, furthermore, 
dim(i7) < 00, then L{in,m) = jn,m- ^ ^n, 7 ^ l\u„ is a compact 
operator whenever n > m. If K = C, this is a simple consequence of Montel's 
Theorem; if K = R, it follows from the compactness of the corresponding 
restriction map Holb(C4i, L(i?)c) — > Hol;,(C/n, L(if)c). 

Proposition 10.6 For K G {M, C}, consider a Lie group of germs T{K, H) 
as in 10.1—10.3 and letGn be as in 10.4. IfX and H are finite-dimensional, 
then r{K, H) — limG„ in the categories of -Lie groups, topological groups, 
topological spaces and C^-manifolds, for each r G Nq U {00}. 

Proof. 10.4 and 10.5 guarantee the conditions of Proposition 9.8 (i). □ 
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Remcirk 10.7 If dim{H) < oo and X is an infinite-dimensional Frecliet- 
Schwartz space, then r{K, L{H)) still is a Silva space (cf. [5, Theorem 7]). 
The preceding proposition extends to this situation. 

Remark 10.8 By Lemma 2.10, we have r{K,H)o = UneN^^n' with G"^ as 
in 10.4. Replacing T{K, H) by its connected component T{K, H)q and Gn 
by G^, all of the results of Proposition 10.6 (and likewise those of Proposi- 
tion 13.1 and Corollary 13.3 below) remain valid, by trivial modifications of 
the proofs. In many cases, T{K, H) is connected (e.g., if H is connected and 
K a singleton); then simply T{K,H) — limG^ in all relevant categories. 

11 Tools to identify direct limits of topological 
groups 

We describe a criterion ensuring that a topological group G = IJneN 
the direct limit topological group limG^. In combination with Theorem 2.6, 
this facilitates to identify Lie groups as direct limits in the category of Lie 
groups, under quite weak hypotheses. The criterion, requiring that "product 
sets are large," is satisfied in all situations known to the author. 

Definition 11.1 Let G be a topological group which is a union G = UneN 
of an ascending sequence Gi C. G2 Q • • ■ of topological groups such that all 
of the inclusion maps G^ — > Gn and Gn ^ G are continuous. We say that 
product sets are large in G if the product map 

'■ rineN Gn^G , (5fn)nGN ^ 9x92 ' ' ' 9n if t/n = 1 for all n> N, 

takes identity neighbourhoods in the weak direct product to identity neigh- 
bourhoods in G. If the product map 

^ ■ nneNU(-N) G , (5'n)neNU(-N) ^ 9-N ' ' ' 9-l9l92 ' ' ' 9N 

(with N so large that 9n — ^ whenever |n| > N) takes identity neighbour- 
hoods to such, then we say that two-sided product sets are large in G. 

Remcirk 11.2 Thus product sets are large in G = \JnmGn if and only 
if UnGN ^1^2 • • • C4 is an identity neighbourhood in G, for each choice of 
identity neighbourhoods f/fc ^ G^, /c e N. If product sets are large in G, 
then also two-sided product sets are large. 
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The following observation provides first examples with large product sets. 

Proposition 11.3 Consider a topological group G — UneN such that G — 
limGn as a topological space. Then product sets are large in G. 

Proof. Consider a product set U = UneN ^1^2 ■ ■ - Un with Un an open 
identity neighbourhood in Then C/i • • • C/„ is open in G„ and thus U is 
open in G, by Lemma 1.7. □ 



Example 11.4 The Lie groups G = IJnGN^^ considered in Proposition 9.8 
satisfy the hypothesis of Proposition 11.3, whence product sets are large in G. 

The following observation provides more interesting examples: 

Remcirk 11.5 If the product map tt: HneN^" ~^ ^ admits a local section 
a: U YlneN identity neighbourhood U C. G which is continuous 

at 1 and takes 1 to 1, then product sets are large in G. This condition is 
satisfied in particular if tt admits a continuous (or smooth) local section a 
around 1 G G, such that a{l) = 1. 

Example 11.6 Consider a test function group Cl{M,G), where M is a cx- 
compact finite-dimensional C^-manifold and G a Lie group modelled on a 
locally convex space. Let {An)n&n be any exhaustion of M by compact 
sets. Then the product map tt of Gl{M,G) — \_}^^-^C\^{M,G) admits 
a smooth local section around 1 taking 1 to 1, and hence product sets 
are large in Cl{M,G) = IJ^^^pj C^^(M, G). To see this, we use a map 
Gl{M,G) (Z Vt ^ HnGN^'kl^"*^) as described in the Fragmentation 
Lemma 7.7. Pick a sequence rui < m2 < ■ ■ ■ of positive integers such that 
Kn C A^^ for each n e N, and let V^^: G^^(M,G) ^ G'^^^{M,G) be 
the inclusion map, which is a smooth homomorphism. Consider the map 

V': rinGN^'kl^''^) ^ II^gnC'aJ^^G') sending 7 = (7n)neN to {r]k)ken, 
where rjk := 7n if A; = mn for some (necessarily unique) n G N and rjk := 1 
otherwise. Then is smooth (cf. [17, Proposition 7.1]) and tt o ^ o $ = id^. 
Thus a •.— '4> IS the desired smooth section for tt. 

Example 11.7 Using Lemma 5.5, the same argument shows that the prod- 
uct map TT of Diffc(M) = IJ^^j^ Diff^„ (M) admits a smooth local section 
around 1 which takes 1 to 1, for each cr-compact smooth manifold M and 
exhaustion (A„)„gpj of M by compact sets. Thus product sets are large in 
Diff,(M)=UneNDiffA„(M). 
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Proposition 11.8 // two-sided product sets are large in a topological group 
G = UneN {in particular, if product sets are large in G), then G — limG„ 
in the category of topological groups. 

Proof. Let / : G — > if be a homomorphism to a topological group H such 
that /„ := f\a^ is continuous for all n e N. Consider h: IlneNuC-N) ~^ ^i 

{xn)nmvj{-n) ^ fN{x-N) ' ■ ■ fi{x-i) fi{xi) ■ ■■ fnixN), 

with N so large that a;„ = 1 for all n G N U (— N) such that |n| > A^. A 
simple modification of the proof of Lemma 4.4 shows that h is continuous 
at 1. Therefore, for each identity neighbourhood y C if there exists a family 
(C/„)neNu(-N) of identity neighbourhoods Un C G\n\ such that h{U) C 1^, for 
U := HnGNuC-N) Un- Let 71 : HneNuC-N) Gn^ Ghe the product map. Then 
h{U) = f{n{U)) where tt{U) C G is an identity neighbourhood because 
two-sided product sets are large in G. As a consequence, / is continuous. □ 

Remark 11.9 Following [35, §3.1], an ascending sequence Gi < 6*2 < ■ • • of 

topological groups with continuous inclusion maps is said to satisfy the "pass- 
ing through assumption" (PTA, for short), if each Gn has a basis of symmetric 
identity neighbourhoods U such that, for each m > n and identity neighbour- 
hood V C Gjn, there exists an identity neighbourhood W C G^ such that 
WU C UV (cf. also [53] for a slightly different, earlier concept). If Condition 
PTA is satisfied, then the two-sided product sets (or "bamboo-shoot neigh- 
bourhoods") UneN Uji - ■ ■ UiUi • • - Un form a basis of identity neighbourhoods 
for the topology O aa G — UneN making G the direct limit topological 
group (cf. [53, Proposition 2.3]). In this case, O is called the "bamboo-shoot 
topology" in [53]. Hence two-sided product sets are large in the direct limit 
topological group G if condition PTA is satisfied. 

Remark 11.10 Let G = UneN be a topological group such that {Gn)nm 
satisfies condition PTA. A priori, this only provides information concerning 
the direct limit group topology O; it does not help us to see that the given 
topology on G coincides with O. 

Proposition 11.11 Assume that Gi C. G2 Q • ■ ■ is an ascending sequence 
of Banach-Lie groups, such that each inclusion map G„ — > is a smooth 
homomorphism. Then {Gn)neN satisfies the PTA. 
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Proof. For each n e N, fix a norm ||.||„ on L{Gn) defining its topology 
and such that < ■ \\y\\ for all G L(G„). The sets f/i""* := 

exp(5^(i?i"*~*^"-'(0)), £ > 0, form a basis of identity neighbourhoods in G^. 

J (G ^ 

For each m > n, the set Be " (0) is bounded in L{Gm) and thus := 
sup ||5i^^^"^(0)|U < oo. Given 5 > 0, set r := e-^^-^. Then 1| Ad^"(i/)||„ = 
||gad^*°"'^^||^ < e^'"||y||m for each u G Ue''^ and 7/ G L{Gjn): where m = 
exp(^^(a;) with x G i?i''''^"''(0), say. Thus 

Ad^-^{B^^^"^\0)) C Bf^^"'\0) for each G C/i"^. (8) 

Given w G f/r'"' and ?i G f/i"'^ say = expQ^^{y) with ?/ G -Br *''^™'*(0), we 
see that wu = uu^^wu = uu^^ expQ^^^{y)u = expg^(Ad^_!"i(y)) G U£^^uf^\ 
using (8). Hence U^"''^ut^ C t/i");/]"^ We have verified the PTA. □ 



12 Unit groups of direct limit algebras 

The following proposition generalizes [10, Theorem 1] (where all inclusion 
maps are isometries) and complements it by a Lie theoretic perspective. 

Proposition 12.1 Let Ai C. A2 Q • • • be an ascending sequence of unital 

Banach algebras An over K, such that each inclusion m,ap Afi — > Afi-^-i is a 
continuous homomorphism of unital algebras. Then the following holds: 

(a) The locally convex direct limit topology makes A := lJ„gj^A„ a locally 
m-convex topological algebra. Its unit group A^ = IJneN^n ^-^ open, 
and is a topological group when equipped with the topology induced by A. 

(b) A^ — lim74^ as a topological group. 

(c) Product sets are large in A^ = IJneN ; '^^^ (^n )neN satisfies the PTA. 

If A is Hausdorff (which is automatic if the direct sequence is strict), then 
A^ is a G^-Lie group and A^ = lim74^ as a G^-Lie group. 

Proof. The PTA holds by Proposition 11.11. By [9, Theorem 1]. A is 
a locally m-convex topological algebra, i.e., the vector topology of A can 
be defined by a family of sub-multiplicative seminorms (see [41]). Thus 
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is a. topological group. It is also known that ^4^ is open (Wengenroth 
communicated a proof [55]), but we need not use this fact here, as an 
alternative proof is part of the following arguments. Consider a product set 
P := UneN Ui - ■ ■ Un, with identity neighbourhoods Un A^. After shrink- 
ing Un, we may assume that Un — 1 + -B^"(0) for some e ]0, |]. Then 
\\^~^\\ ^ Sfclo^ '^ ^ 2 for each x e C/„, whence is bounded in A^ and 
hence also in A^ for each m>n. Thus Mj„ „ := sup{||x~^||j„ : x e [/„} < oo. 
We claim that 

n 

nGN fc=l 

where 5i := Si and 5„ := M~\ ■ • ■ M~^_-^£:„ for integers n > 2. If this claim 
is true, then P is a neighbourhood of 1 in A, whence A^ an open subset 
of A (cf. [15, Lemma 2.6]) and product sets are large in A^. Therefore 
A^ — lim74^ as atopological group (Proposition 11.8). Since A^ is open in A 
and inversion is continuous, A^ is a Cj^-Lie group provided A is Hausdorff 
[15, Proposition 3.2, resp., 3.4]. The identity map A^ A^ being a direct 
limit chart. Theorem 2.6 shows that A^ = lim74^ also as a Lie group. 

Proof of the claim. We show that 1 + X)Li ^^''(0) Q Ui- ■ -U^ Q P, hy 
induction on n. If n = 1, then 1 + -B^^(O) — Ui C. P. Let n > 2 now 

and suppose that 1 + Efc=i^5l'(0) ^ f/i • • • f/n-i- Let yt G Bf^^{0) for 
A; e (1, . . . , n}. There are Xj e Uj for j e {1, . . . , n — 1} such that 

y l+?/lH \-yn-l = Xi---Xn-1. 

Set Xn ■■= y~^{y + yn) = 1 + y^^yn- Then \\y~'^yn\\n = ■ ■■x^^ynWn < 
Mn,n-i ■ ■ ■ Mn,iSn = En and thus Xn G Un- By construction, 1 + Yll=l Vk = 
y + yn^ yxn^ Xi - ■ - Xn- □ 

If the direct sequence Ai C A2 Q ■ ■ ■ in Proposition 12.1 is strict, then 
A^ ^ lim A^ as a topological space unless each An is finite-dimensional or the 
sequence An becomes stationary (by Yamasaki's Theorem, see Remark 3.4). 

We also have a variant for not necessarily unital associative algebras und 
algebra homomorphisms which need not take units to units (if units do exist) . 
Recall that if A is an associative K-algebra (where K is M or C), then Ae :— 
Ke © A is a unital algebra via (re -|- a){se + b) = rse + {rh + sa + ah). Then 
{A, o) with a oh :— a + h — ah is a, monoid with neutral element 0, whose 
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unit group is denoted Q{A). The inverse of a G Q{A) is called the quasi- 
inverse of a and denoted q{a). The map {A,o) (Ag, ■), a i— > e — x is a 
homomorphism of monoids (sec. e.g.. [15, §2] for all of this). 

Proposition 12.2 Let Ai C A2 ^ ■ ■ ■ be a sequence of {not necessarily 
unital) associative Banach algebras over K, such that each inclusion map 
An An+i is a continuous algebra homomorphism. Then we have: 

(a) The locally convex direct limit topology makes A := UneN^" locally 
m-convex associative topological algebra with an open group Q{A) of 
quasi-invertible elements and a continuous quasi-inversion map 
q: Q{A) — > A. Thus Q{A) is a topological group. 

(b) Q{A) — \imQ{An) as a topological group. 

(c) Product sets are large in Q{A) = UneN^(^")' ^'^'^ (Q(^n))neN satisfies 
the PTA. 

If the locally convex direct limit topology on A is Hausdorff, then Q{A) is a 
C^-Lie group and Q{A) — \imQ{An) in the category of -Lie groups. 

Proof, (a) The locally convex direct limit topology on Af, = lim (K © An) 
makes A^ the direct product K x A, where A = lim An carries the locally 
convex direct limit topology. Since A^. is a topological algebra with open unit 
group and continuous inversion, it follows that Q{A) is open in A and q is 
continuous [15, Lemma 2.8]. Since Ae is locally m-convex, so is A. 

(b) and (c): Consider a product set P UneN-^^/(0) o ■ ■ ■ o -^^"(0), 
with En G ]0, |]. In A^, we then have e — P = IJneN Ui - • - Un with f/„ = 
e — -B^"(0) = e + i?^"(0). Extend the norm on An to {An)e via ||re + a\\ : = 
|r|-|-||a||, and define M^^„ and 5m as in the proof of Proposition 12.1. Re-using 
the arguments from the proof just cited, we see that e-|-lj^gj^ Z]fc=i ^f^i^) ^ 
e — P. Hence P is a neighbourhood of in A and thus product sets are 
large in Q{A). Therefore Q{A) = limQ{An) as a topological group, by 
Proposition 11.8. The PTA holds by Proposition 11.11. 

Now assume that A is Hausdorff. Then (^e)^ — Q{Ae) is a C|^-Lie group and 
Q{A) = Q{Ae) n A (see [15, Lemma 2.5]) is a subgroup and submanifold of 
Q{Ae) and therefore a Cj^-Lie group as well. The identity map Q{A) — Q{A) 
being a direct limit chart. Theorem 2.6 shows that Q{A) — \imQ{An) as a 
C^-Lie group. □ 
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13 Lie groups of germs beyond the Silva case 



For all X, K, H as in 10.1 and (Gn)neN 10.4, wc show: 
Proposition 13.1 Product sets are large in T{K,H) — (JneN^"- 

Lemma 13.2 Let ([), ||.||) he a Banach-Lie algebra over K and R > such 
that the BCH-series converges to a K-analytic mapping -B^(O) x B^{0) — > [). 
Then there exist r E ]0,R], a K-analytic map F: B^{0) x Bl>{0) S^(0) 
and C > such that 

X + y — x*F{x,y) and (9) 
\\F{x,y)-y\\ < C\\x\\\\y\\, (10) 

for all x,y e B^{0). 

Proof. For r e ]0, i?] sufficiently small, F(x, y) :— {—x) * (x + y) is defined 

for all x,y E B^{Q), F{x,y) G 5^(0) holds, and (9). Since 0) = and 
F{0,y) = y for all x,y E Bl!{0), the second order Taylor expansion of F 
entails (10), after shrinking r further if necessary (see [22, Lemma 1.7]). □ 

Multiple products with respect to the BCH-multiplication * are formed re- 
cursively via xi * ■ ■ ■ * Xn '■— {xi * • • • * Xn-i) * Xn (provided that all partial 
products are defined). 

Proof of Proposition 13.1. Let R > 0, r, C and * be as in Lemma 13.2, 
applied with [) := L{H) if K = C (resp., \) := L{H)c if K = M). After 
shrinking r, we may assume that Cr < |. Now let {Wn)nm be a sequence 
of identity neighbourhoods C C^. After shrinking Wn, we may assume 
that Wn = Exp„(5^"(0)) for some > 0, with as in 10.1 (resp., 10.2). 
Let Sn ■■= min{r2-",f } for n G N. Then S := UneN ELi ^/„" (0) is a 
0-neighbourhood in r{K, L[H)). We claim that 

^{YTnenWu) 2 Exp(5), (11) 

where tt: HneN^" ~^ r(ir, H) is the product map. Therefore 7r(n*ieN 
is an identity neighbourhood in r(A', H). and hence product sets are large in 
T{K,H). To prove the claim, let z G Exp(S'). Thus z = Exp(^^-,^[7„]) for 
some sequence (7n)neN £ ©neN -^^l"!^)- Choose G N such that [7^] = 
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for all n > N. If K = wc set r/i := 71. If n G {2, ...,A^}, then 
i]n{x) := F(ji(x) + ■ ■ ■ + 7„_i(x), jnix)) makes sense for each x EUn because 
||7i(a;) + ■ ■ ■ + 7„_i(x)|| < r and ||7n(a;)|| < r, and defines a bounded holo- 
morphic function rj^'- Un L[H). We have ||?7n||oo 

< (1 + Cr)||7„||oo < 

|5„ < En by (10), whence r)n e -B^"(0) and thus Exp„(r;„) e W„. Fur- 
thermore, 7i(x) + • • • + 7„(x) = (7i(a^) + ■ ■ ■ + 7n-i(a^)) * Vn{x) and hence 
7i(a;) + ■ ■ ■ + 7n(a;) = r7i(,T) * 772(2;) * • • • * ?7n(a;) for each n e {!,..., A?"} and 
X e by induction. Therefore, 

71 (x) H h 7Ar(a:;) = rji{^) * V^i^) * ■• •* r}N{x) for each x e C/at, 

entailing that Yl'^=ibn] = [x y-^ r]i{x) * ■ ■ ■*r]N{x)] and z = Exp(X;^i[7n]) = 
[x ^ expffivii^) *---*Vn{x))] = [x ^ expHiVii^)) ■ ■ -^WniVNix))] = 
Exp([?7i]) • • -ExpjfTyjv]) e T^ilTneN^n)- Thus (11) holds. If K = R, we use 
the unique bounded holomorphic extension 7„ f) of each 7„ in place 

of 7n to define bounded holomorphic maps rjn : f/n ^ t) along the lines of the 
construction of ?7„. Set rin := fjnlun- Then ||77n||A„ = ||^7n||oo < for each n 
and we see as above that z = Exp([r7i]) • ■ •Exp([r7Ar]) G '7r(nneN ^n)- '-' 

Combining Proposition 11.8 with Theorem 2.6, we obtain: 

Corollairy 13.3 r{K,H) — limG^ holds in the category of -Lie groups, 
and in the category of topological groups. □ 

14 Construction of Lie group structures on 
direct limit groups 

Consider an abstract group G = IJneN which is the union of an ascending 
sequence Gi C 6*2 C ■ ■ ■ of Cj^-Lie groups G„, such that the inclusion maps 
in,m- Gm (for m < Ti) are C^-homomorphisms and each G„ is a 

subgroup of G. In this section, we describe conditions which facilitate to 
construct a G^-Lie group structure on G such that G = limG„ as a G^- 
Lie group. For finite-dimensional Lie groups G„, such a Lie group structure 
has been constructed in [19] (cf. [44], [45], [39, Theorem 47.9] and [16] for 
special cases). The conditions formulated in this section apply just as well 
to suitable infinite-dimensional Lie groups G„. 
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14.1 We shall always assume that G has a candidate for a direct limit charts 
viz. we assume that there exist charts Gn ^ Un ^ V"„ C L{Gn) of Gn 
around 1 for n G N such that Um ^ Un and 0n|[/„ = L{in,m) o 0m if m < n, 
and V := IJnGN ^« open in the locally convex direct limit E := limL(G'„), 
which we assume Hausdorff. Here, we identify L{Gm) with the image of 
L{in,m) in L{Gn)', this is possible because L{in,^) is injective by an argument 
as in Remark 2.2 (a). We define U :— UneN and := lim 0„ : [/ — > y C 

It is natural to wonder whether (p (or its restriction to a smaller identity 
neighbourhood in U) can always be used as a chart around 1 for a Lie 
group structure on G. Unfortunately, the answer is negative (without ex- 
tra hypotheses): even if (f) is globally defined on all of G, it need not make 
= Un ^ Lie group. 

Example 14.2 Let Ai C C ■ ■ ■ be any ascending sequence of locally 
convex unital associative topological algebras such that 1. the inclusion maps 
are homomorphisms of unital algebras and topological embeddings; 2. the 
locally convex direct limit topology renders the algebra multiplication on the 
union A := [J^^j^ A„ discontinuous at (1, 1); and 3. the unit group is open 
in A (see [15, §10] for such algebras). Then A^ = {J^eN^n ^ union of Lie 
groups and A^ admits the global chart 4> '■= id^x; which is a candidate for 
a direct limit chart around 1. However, A^ is not a Lie group because the 
group multiplication is discontinuous at (1, 1). 

We now describe additional requirements ensuring that the question just 
posed has an affirmative answer. They are satisfied in many situations. 

Proposition 14.3 Consider an abstract group G — Un€N^" which is the 

union of an ascending sequence of C^ -Lie groups. Assume that G admits a 
candidate (j): U V ^ E := limL(G„) for a direct limit chart, and assume 

that condition (i) or (ii) from Proposition 9.8 is satisfied. Then there exists 
a unique G^-Lie group structure on G making (j)\w direct limit chart for G 
around 1, for an open identity neighbourhood W <^ U. 

Proof. This is a special case of Lemma 14.5 below, applied with M„ := G„ 
(we use k :— n, A :— B :— Gn in (c) and k :— n, A :— Gn in (d)). □ 

Remark 14.4 By Proposition 9.8, the Lie group structure described in 
Proposition 14.3 makes G the direct limit limG„ as a Cj^-Lie group, topolog- 
ical group, topological space, and as a C^- manifold, for each r e Nq U {c>o}. 
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Consider a set M which is an ascending union M — UneN-^" 
manifolds, and x G M. Changing 14.1 in the obvious way,^ we obtain 
the definition of a candidate for a direct limit chart around x. 

Lemma 14.5 Let G he an abstract group which is the union G = IJneN 
of an ascending sequence Mi C M2 C • • • of G^ -manifolds, such that 1 G Mi 
and (a)-(d) hold: 

(a) The inclusion maps M^ — > M„ are G^ for all m < n; 

(b) G admits a candidate (f): U V C. E :— hmTi(Af„) for a direct limit 
chart around 1; 

(c) For each n E N and x,y E Mn, there exists k > n and open neigh- 
bourhoods A,BC. Mn of X, resp., y such that AB C M^ and the group 
multiplication A x B ^ M^ is G^; and 

(d) For each n E N, there exists k >n and an open identity neighbourhood 
A C Mn such that A"^ C M^ and the group inversion A M^, 
X I — ^ X ^ is G^ . 

Furthermore, we assume that (i) or (ii) is satisfied: 

(i) Mn is modelled on a Banach space for each n G N, and the inclusion 
map Ti(M^) — >• Ti{Mn) is a compact operator for all m < n. 

(ii) The modelling locally convex space of each Mn is a k^-space. 

Then there is a unique G^-Lie group structure on G making a chart for G 
around 1. Furthermore, G — hmM„ as a topological space and as a C^- 
manifold, for each r G Nq U {00}. 

Proof. Suppose that = hm0„ with (pn- Un Ki- Equip G with the 

topology T turning it into the direct limit topological space limM„. Given 

X G Mn, consider X^: G ^ G, Xx{y) '■= xy. Hypothesis (c) implies that 
^x\Mm is continuous for each m G N. Hence is continuous, and hence 
a homeomorphism. Likewise, all right translations are homeomorphisms. 
Let S be the topology on G x G making it the direct limit lim (M„ x M„). 

By Lemma L7, the topology induced by T on f/ makes U the direct limit 
^Replace G by M, L{G„) by T^M„, and L{in,m) by T^{in,m)- 
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topological space U — lim and S induces on UxU the topology making it 
the direct limit hm (UnXUn)- This topology is the product topology on UxU; 
this follows from the fact that the product topology on E x E coincides with 
the locally convex direct limit topology on E x E = limTiM„ x TiM„, 
which makes E x E the direct limit topological space limTiM„ x TiM„ by 

9.1 (resp., Lemma 9.6 (b) and (c)). As a consequence of (c), the group 
multiplication n restricts to a continuous map U x U = lim (Un x Un) — ^ G. 
Since ji is continuous on the identity neighbourhood UxU and all left and 
right translations are homeomorphisms, it follows that is continuous. Let 
l: G ^ G he the inversion map. Since = {x~^y)~^x~^ for x e M„ 
and y G M„, combining (c) and (d) we see that l\m„ is continuous on a 
neighbourhood of x and hence continuous. Hence c is continuous and hence G 
is a topological group, which is Hausdorff because the intersection of all 
identity neighbourhoods is {1}. For x E G, define (px - xU — > V, (f)x{y) — 
4>{x~^y). Given x, y G G, the map (px o is defined on the open set 
(j){U Ciy^^xU) and takes z to (f){x~^y(f)~^{z)). In view of (c), we easily deduce 
from Lemma 9.7 that (px ° 4>y^ is C^. Hence the charts are compatible and 
thus G is a C^-manifold. Since (j)xy°K°4'y^ = idy is C^, each left translation 
map Xx is and hence a C^-diffeomorphism. Let W C U he a,n open, 
symmetric identity neighbourhood such that WW C U. Replacing continuity 
by smoothness in the above arguments, we see (with the help of Lemma 9.7) 
that the group multiplication W x W ^ U and inversion W ^ W are G^. 
Similarly, (c) implies that each inner automorphism Cx' G ^ G takes some 
identity neighbourhood smoothly into U. Now standard arguments provide a 
unique Cj^-Lie group structure on G making W an open smooth submanifold 
(see, e.g., [14, Proposition 1.13]). Since A^^ is a diffeomorphism from W onto 
xW for each x & G, both for the manifold structure making G a Lie group and 
the manifold structure constructed before, we deduce that the two manifold 
structures coincide. □ 



Remark 14.6 If each is a finite-dimensional C^-manifold in the situa- 
tion of Lemma 14.5 and each inclusion map Af„, Mn, m < n, a, smooth 
immersion, then a direct limit chart around 1 exists by [19, Theorem 3.1] 
and thus condition (b) of Lemma 14.5 is automatically satisfied. 

Remark 14.7 Inspecting the proof of Lemma 14.5, we recognize that condi- 
tion (c) can be replaced by an alternative condition (c)': We require that for 
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all x,y ^ Mn, there exists k > n and open neighbourhoods A,B C. Mn of x, 
resp., y such that Ay C M^, xB C M^. and both of the maps Py\A'- A 
and \x\b'- B — > Mk are (where py-. G ^ G, g ^ gy). Furthermore, we 
require the existence of an open symmetric identity neighbourhood W U 
such that WW C U and such that (c) holds for all n, if x,y e Mn fl W. 

Remark 14.8 In the convenient setting of analysis, it is easier to construct 
Lie group structures on direct limit groups. In fact, consider an abstract 
group G = UneN which is the union of an ascending sequence of convenient 
Lie groups. We equip the abstract vector space E :— hmL(G„) with the 
locally convex vector topology associated with the direct hmit homology. We 
assume that the latter is Hausdorff and require that G admits a candidate for 
a direct limit chart in the convenient sense (defined as in 14.1, except that 
V only needs to be c°°-open in E, and E is topologized as just described). 
Finally, we assume that each bounded subset in L{G) is a bounded subset 
of some L(Gn) (regularity). Then it is straightforward to make G — [j^Gn 
a (possibly not smoothly Hausdorff) Lie group in the sense of convenient 
differential calculus, such that is a chart. ^ Then G = lim Gn in the category 

of (not necessarily smoothly Hausdorff) Lie groups in the sense of convenient 
differential calculus, and in the category of smooth manifolds in this sense. ^ 
The group multiplication need not be continuous (cf. Example 14.2). 



15 Example: Lie groups of germs of analytic 
diffeomorphisms 

Let X be a non-empty compact subset of X :— W^, where d E N, and 
GermDiff(ir, X) be the group of all germs [7] around K of K-analytic maps 
7: f/ — s> X on an open neighbourhood U of K such that j\k = id/^, j{U) 
is open in X and 7: [/ — >■ 'y{U) is a K-analytic diffeomorphism. Then 

"^Using (j) and its translates (j)x as charts, we can make G a (possibly not smoothly 
Hausdorff) smooth manifold in the convenient sense. Given a smooth curve in G, for 
each finite k it locally is a Lip'^-map into some Gn (cf. [39, Corollary 1.8]), entailing that 
the group inversion is conveniently smooth (cf. [39, Theorem 12.8 and Corollary 12.9]). 
Similarly, the group multiplication is conveniently smooth. 

'''Using the direct limit chart and the regularity, we easily sec that each smooth curve in 
G locally is a Lip'^-ina.p into some G„, for each given k gNq. This implies that G = lim G„ 
as a Lip'^-manifold. The asserted direct limit properties follow from this. 
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GermDiff (i^, X) is a group in a natural way, with group operation [y][r)] := 
[7 ° vlrr'^iu)] (for 7: f/ ^ X). To illustrate the usefulness of Lemma 9.7 and 
Lemma 14.5, we apply them to turn GermDiff (fT, X) into a K-analytic Lie 
group, modelled on the space T{K,X)k of germs [7] around K of X-valued 
K-analytic maps 7: [/ ^ X such that j\k — 0. 

Monoids of germs of complex analytic self-maps 

It simplifies the construction (and provides additional information) to con- 
sider in a first step the monoid GermEnd(fC, X) of all germs [7] around K 
of K-analytic maps 7 : — > X on an open neighbourhood of K such that 
7|x = idx (with multiplication given by composition of representatives). We 
equip GermEnd(ir, X) with a K-analytic manifold structure which makes the 
monoid multiplication a K-analytic map. In a second step, we show that the 
unit group GermDiff (iC, X) of GermEnd(i^', X) is open and has a K-analytic 
inversion map. Until Remark 15.10, we let K = C. 

15.1 Choose a norm on X. For n e M, the sets Un '■= K + -Bjy„(0) form a 
fundamental sequence of open neighbourhoods of K in X. The supremum 
norm makes the space Hol(,(t/n,X) of bounded X-valued C^-maps on Un a 
complex Banach space, and }io\i,{Un, X)k '■= {7 G B.olb{Un, X) : jIk = 0} 
is a closed vector subspace. Let jn,m' Hol6(C4i, X)i<- — > Ho16(C/„,X)k be 
the restriction map, for n > m. Given an open neighbourhood U of K, let 
Hol(?7, X) be the Frcchet space of all X-valued C^-maps on U (equipped 
with the compact-open topology) and Hol(f/, X)x be its closed subspace of 

functions vanishing on K. Since Un+i = K + -B^(O) is a compact subset 

n+l 

of Un, we then have continuous linear restriction maps 

RohiUn, X)k ^ Hol([/„, X)k ^ Hol6(t/„+i, X)k , (12) 

whose composition jn+i,n is a compact operator due to Montel's Theorem. 
Thus, the locally convex direct hmit r{K,X)K — lim Holb(C/n, X)^' is a Silva 
space. Since each connected component of Un meets K and hence meets Un+i, 
the Identity Theorem implies that each bonding map jVt,m is injective and 
hence also each limit map jn- Holb(C/„,X)x —>■ ^{K,X)k, 7 >—>■ [7]. 

15.2 It is useful to note that the map 

P:T{K,X)k^C{K,C{X)), [7] ^ 7 k (13) 
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is continuous, where JC(X) is the Banach algebra of continuous endomor- 
phisms of X with the operator norm, and C{K, C{X)) is given the supremum 
norm. Since r{K,X)K = hm Holf,(?7„, X)x as a locally convex space, this 

follows from the fact that the inclusion maps Holb([/„, X) Hol(f/„, X) and 
Hol([/„,X) — ^ C^{Un, X) are continuous (see [46, Proposition III.15]). 

15.3 It is clear from the definition that the map 

$: T{K,X)k GermEnd(is:, X) , $([7]) := [idx + 7] 

is a bijection. We use $ to give GermEnd(JC, X) a complex manifold struc- 
ture with as a global chart. For 7, 77 e T{K,X)k, we then have 

$-^($([7])$(N)) = [r7] + [7o(idx + r/)]. (14) 

Proposition 15.4 GermEnd(ir, X) is a complex analytic monoid, i.e., the 
multiplication map GermEnd(i^r, X) x GermEnd(i^, X) — > GermEnd(iir, X), 
( [7] ) [^] ) [7] [v] = [7 ° v] complex analytic. 

Proof. For k G N, let Qk be the set of all [7] e r{K,X)K such that 
sup {||7'(a;)|| : x G i^T} < k. Then r(fC, X)x = UfceN^fc; and each of the sets 
flk is an open 0-neighbourhood in r(i^r, X)^^, by continuity of p (from (13). 
Hence, in view of (14), the multiplication map will be if the map 

/ : T{K, X)k X ^ r{K, X)k , /(b], N) := [7 o (idx +v)] 

is for each k eN. Fix A;. For n G N, set C — (n+l)(A; + l), m„ := C + 1, 
P„ := Hol;,(f/„, X)i^, and let Q„ be the set of all 7 G Holb([/„, X)^^ such that 
sup {||7'(x)|| : X G t/n+i} < A;. Then Qn is open in Holft(t/„, X)^- Hence 

r{K,X)KXnk = [j Jn{Pn) y< UQn) , 

where P„ x is open in B.olb{Un, X)k x Holfe(t/„, X)/^ for each n G N and 
(in,m X jn,m){Pm X Qm) C P„ X if m < 71. Usiug Lemma 9.7(a), we see 
that / will be if /|p„xQ„ is for each n G N (identifying Hol6(C/n, X)i^ 
with its image in T{K,X)k using j„). Note that if G Q„ and y G f/^„, say 
y G S^-i(a;) with x G /T, then ||(t/ + 77(2/)) — x|| = ||y — x + 77(y) — 77(x)|| < 
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\\x-y\\ + \\J^v'(x + t(y-x)).{y-x)dt\\^ (l + k)\\y-x\\ < ^ < ^ and 
thus y + r]{y) e Bf{x). Hence {idx + r]){Ui^) C [/„, enabling us to define 

n 

gn - PnXQn^ Hol6(t/^„, X)x , ^n(7, ^) := 7 « (idx + r?) | ■ 

Since /|p„xQ„ = im„ ° dn, it remains to show that gn is C^. The set S'„ : = 
{r/ G }io\{Un,X)K: {idx + v){UZ) ^ Un} is open in i?„ := Hol(f/„,X)K. 
Using continuous hnear inclusion and restriction maps and the mapping 

hn-. Rn X Sn ^ Hol(C/£„ , X)^ , hn{-f,v) — 7 ° (idx + ??) |c/,„ , 
we can write gn as a composition 

Therefore, gn will be Cg° if we can show that /i„ is Cg°. To this end, we 
exploit that Hol(f/„, X) = C^CUn, X), equipped with the compact-open C°°- 
topology (cf. [46, Proposition III. 15]). By [24, Lemma 11.4], the map 

C^{Un,X) X [UZ,Un\o. ^ C^{Ue^:X) , {^,rj)^jorj\u,^ 

is C^, where [11^, f/njoo := {v e C^(f/„, X) : r](UZ) C [/„}. It easily follows 
that hn is as a map into B.ol{Ue„, X) and hence also as a map into the 
closed vector subspace }io\{Ue„,X)K (by Lemma 1.3). □ 



Lie groups of germs of complex analytic diffeomorphisms 

Lemma 15.5 The complex analytic monoid GermEnd(ir, X) has an open 
unit group GermEnd(ir, X)^. It is given by 

GermEnd(/s:,X)^ = GermDifr(/s:, X) 

= {[7] e GermEnd(/s:,X) : -f'{K) C GL(X)} . (15) 

Proof. If 7: f/ l{U) C X is a diffeomorphism between open neigh- 
bourhoods of then [7] G GermEnd(i^r, X)^ and thus GermDiff (fC, X) C 
GermEnd(/s:,X)\ If [7], [r/] e GermEnd(ir, X)^ with [77] = [7]-^, then 
'n°l\w — idw on some open neighbourhood W of K, whence is injective 
and 7'(x) G GL(X) for each x G W . Hence 7|vk is a diffeomorphism onto an 
open neighbourhood of K and thus [7] G GermDiff (/T, X). 
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If [7] e GeriaDiS{K,X), then y{K) C GL(X). As the converse follows from 
the next lemma, we see that (15) holds. Since C{K, GL(X)) = C{K, C{X))'' 
is open in the Banach algebra C{K, C{X)) and p from (13) is continuous, we 
see that {[7] G GermEnd(ir, X) : 7'(K) C GL(X)} = p-\C{K, GL{X)) is 
open in GermEnd(ir, X). □ 



Lemma 15.6 Let X be a Banach space over K G {M, C}, K C X be a non- 
empty compact set, r G NU {00,0;} and f : U ^ E he a C^-map on an open 
neighbourhood U of K such that f\K is injective and f'{K) C GL(X). // 
r = 1, assume dim(X) < 00. Then there is an open neighbourhood V U 
of K such that f{V) Q X is open and f\v is a C^-dijfeomorphism onto f{V). 

Proof. Define := X + -B^/„(0). There is no G N such that Un Q U and 
7'(f^n(,) ^ GL{X). Then j\u„g is a local C^-diffeomorphism by the Inverse 
Function Theorem (see [25, Theorem 5.1] if r ^ uj; the analytic case is well 
known). In particular, ■j{Un) is open in X, for each n > Uq. If 7|c/„ fails to 
be injective for each n > Uq, we find Vn ^ Wn E such that /(v„) = f{wn). 
Then i>„ G B^^^{xn) and Wn G B^^^{yn) for certain Xn,yn £ There exist 
ki < k2 < ■ • ■ such that Xn^. —>■ x and yn^ y for certain x,y E K. Then 
and ^ y, whence f{x) = f{y) by continuity and hence x = y. 
Let be a neighbourhood of x on which / is injective. Then G W and 
G for large k. Since 7^ and /(f„J = /(w„J, this contradicts 
the injectivity of /|^. Hence, there exists n >no such that / is injective on 
V := Un. Then /|y : F ^ /(F) is a C^-diffeomorphism. □ 

We return to the default notations of this section. The following quantitative 
variant of Lemma 15.6 will be needed: 

Lemma 15.7 Given 7 G Holh^Un, X) k with C :=svip{\\j'{x)\\: x G < 1, 
define rj := idx + 7: Un ^ X . Then rjlu^^ is injective. 

Proof. Let v,w E U^n such that rj{v) = rj{w). There are x,y E K such 
that V G -Bi/(6ra)(^) and w G By^^^s^{y). Let [x. v] be the line segment joining 
X and V. Since C -B5y(6„) (2^) ^ f^rt, the Mean Value Theorem yields 

\\riiy) — ri{x)\\ < \\v — x\\ • max{||?7'(2;)|| : z G [a;,u]} < 2\\v — x\\ < l/(3n). 
Likewise, \\r]{w)—7]{y)\\ < l/(3n) and thus — = ||?7(?/) — r^(a;)|| < 2/(3n), 
entailing that [v,w] C By^^{x) C f/„ and therefore = \\ri{v) — ''7('U^)|| > 
ll^; — wll — ||(r; — idx){v) — [f] — idx){w)\\ > \\v — w\\ — C ■ \\v — w\\. liv ^ w, 
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we get the contradiction > (1 — (7)11^; — > 0. Hence v — w and thus 
ri\u^^ is injective. □ 

15.8 Lemma 15.5 enables us to consider GermDiff (fC, X) as an open C^- 
submanifold of GermEnd(i^', X). Then D := $^^(GermDiff (i^T, X)) is an 
open 0-neighbourhood in r{K,X)K, and the restriction 'if of to a map 
GermDiff (/r, X) ^ D is a global chart for GermDifr(X, X). We set 
Mn '■= ^~^(-D n B.olb{Un, X) k) and give M„ the complex Banach manifold 
structure with ^|m„ ^ —>^Dr\ Hol(,(t/„, X)k as a global chart. 

Proposition 15.9 GermDiff (i^, X) is a complex Lie group. Furthermore, 
GermDiff(ii', X) = limM„ both as a topological space, as a C^-manifold, and 

as a C^-manifold, for each r e No U {oo}. 

Proof. We check the hypotheses of Lemma 14.5. Here (a) is clear and 
also (b), since \E' is a candidate for a direct limit chart. Condition (i) holds 
because the restriction maps Hol5(f/„, X)/^ Hol;,(f/„+i, X)/^ are compact. 
The validity of Condition (c) is clear from the proof of Proposition 15.4. 

Condition (d) concerning the inversion map: It suffices to show that, for 
each n e N, there exist k > i > n and an open 0-neighbourhood P C 
Hol(,(C/„, X)x such that rj^ :— {idx + 'j)\ue is injective for each 7 G P, C/jt C 
rj-yiUe), g{-f) := r?~Vfc -idx e Holb(C/fc, X)^, and that gr: P ^ 'iio\b{Uk, X)k 
is C^. Because we can build in continuous linear restriction maps, it suffices 
to find an open 0-neighbourhood Q C Hol(?7„,X)if and m > i > n such 
that rj^ := (idx + 7)|t/^ is injective for each 7 e Q, Um ^ rj^^Ui), h{'y) : = 
iVj' - idx)|c/^ e Hol(t/^,X)^, and that h: P ^ Hol(^7^,X)x is (then 
take k :— m + 1). We set m :— 12(n + 1), i :— 6{n + 1) and let Q be the 
set of all 7 G }lo\{Un, X)k such that sup{||7'(a;)|| : x G f/„+i} < |. Then Q 
is open in Hol(f/„,X)/^ and ri^ := {idx + "f)\ue is injective for each 7 G Q, 
by 15.7. Furthermore, B^^^^^-^{x) C ri^{By^{x)) for each x E K hj [25, 
Theorem 5.3 (d)] (applied with A :— idx) and thus Um ^ riy{Ue). The map 

f:QxUi^X, f{j,x):={idx + 7){x) 

is since the evaluation map is (see [24, Proposition 11.1]). Also, 
A •= fill •) : f/^ ^ X is injective by the preceding, and is a local C^- 
diffeomorphism (by the Inverse Function Theorem). Furthermore, the map 

i^:QxUm^X, V(7,^) := A"'(^) = (idx + 7)"'(^) = r]-\x) 
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is by the Inverse Function Theorem with Parameters (see [23, Theo- 
rem 2.3(c)] or [25, Theorem 5.13(b)]). Then, by the exponential law [24, 
Lemma 12.1 (a)]), also the map 

. g ^ C^(C/„, X) = RoliUm, X), 7 ^ z^(7, .) = rj-'\u^ 

is C^, whence also Q Hol([/„, X), 7 ^ V'^(7) -idx = h{-f) is C^. As this 
map takes values in the closed vector subspace Hol([/m, X)k of Hol(t/m, -'^), 
Lemma 1.3 shows that also its co-restriction h is Cg°, as required. □ 

Rerricirk 15.10 For K a singleton (say, the origin), it is well known that 
GermDiff({0}, C'') is a Lie group. The Lie group structure has first been 
constructed in [51], where this group is denoted by Gh(d, C). 

Lie groups of germs of real analytic diffeomorphisms 

Let K = IR now. It is clear that r{K,X)K can be identified with the 
set of germs [7] G r{K, Xc)k such that j{U) C X for some neighbour- 
hood U of K in X. In the same way, we identify GcrmEnd(ir, X) with 
a subset of GermEnd(i^, Xc). We give r{K,X)K the topology induced by 
r{K,Xc)K- Then r{K,X)K is a closed real vector subspace of r{K,Xc) 
and r{K,Xc)K = {^{K,X)k)c as a locally convex space (cf. [18, §4.2-4.4]). 
Then : GcrmEnd(i^, Xc) — > T{K,Xc)k (defined as before) is a global 
chart of GermEnd(fs:, Xc) such that <l>(GermEnd(ir, X)) = T{K, X)k, show- 
ing that GermEnd(i^, X) is a real analytic submanifold of GermEnd(JC, Xc). 
As a consequence, GermDiff (/T, X) = GermDiff (/T, Xc)nGermEnd(/r, X) is 
open in GermEnd(ir, X) . The real analyticity of the monoid multiplication 
and group inversion is inherited by the submanifolds. Summing up: 

Corolleiry 15.11 If K — 'R, then GermDiff (K, X) is a real analytic Lie 
group modelled on r{K,X)K- Furthermore, GermEnd(ir, X) is a real ana- 
lytic monoid with open unit group GermEnd(ir, X)^ = GermDiff(ir, X). □ 

Remark 15.12 It is clear that Cn := {7 G Holb(t/„,Xc) : j{Un n X) C X} 
is a closed vector subspace, enabling us to make An :— {'y\unnx' 7 £ C'n} 
a real Banach space isometrically isomorphic to C„. It is easy to see that 
r[K,X)K = lira An as a locally convex space. Setting Mn := H D), 

we easily deduce from the proofs of Lemma 15.5 and Proposition 15.9 that 
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the conditions of Lemma 14.5 are satisfied. We deduce: GermDifF(ii', X) = 
limM„ as a topological space and as a C^-manifold, for each r e Nq U {00} . 

Remcirk 15.13 Note that, since p in (13) is continuous hnear, the set E :— 
{[7] e r{K,X)K- 7' I if = 0} is a closed K- vector subspace of r{K,X)K (in 
both cases, K e {R, C}). Then 

GermDiS(K,Xy := {[7] e GermDiff (X, X) : 7' = id^} 

is a Lie subgroup of GcrmDiff (iT, X), since the chart $ from above (resp., its 
restriction the group of germs of C^-diffeomorphisms) takes GermDiff(ii', X)* 
onto D n E — E. Because p is continuous hnear, the homomorphism 

6: GermDiSiK, X) ^ C{K, GL{X)) , ^([7]) := 7^ 

is K-analytic. We therefore have an exact sequence of C^-Lie groups 

1 ^ GermDiff(ir,X)* ^ GermDiff (X, X) C{K, GL{X)) , (16) 

where GermDiff (i^T, X)* is C^-diffeomorphic to E and hence contractible. 

Remark 15.14 The Lie group GermDiff({0}, R)* has also been discussed 
in [40], using different notation. 

In a later work, the author hopes to discuss GermDiff(ir, X) also for X an 
infinite-dimensional Banach space. 

16 Covering groups of direct limit groups 

In this section, we discuss universal covering groups of direct limit groups. 

First, we observe that direct limit charts with balanced ranges can always be 
built up from chart with balanced ranges. 

The setting is as follows: Let r G Nq U {00, uj} and M = IJ^^^j M„ be a 
C^-manifold admitting a weak direct limit chart (resp., direct limit chart) 
(j): U ^ V Q E around x G M„q, where E is the modelling space of M. 
Identifying the modelling space En of M„ with a subspace of E (viz. each 
jn' En ^ E and jn,m' E^i — > En is the inclusion map), we then have = 

U„>no ^ = U„>„o ^« ^ = Un>no ^n, with chartS 0n : C/„ ^ K ^ ^ 

such that Um C [/„ in m < n and 4>n\um — 4>m- 
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Lemma 16.1 If (l){x) = and V is balanced {i.e., V = [—1,1]V), then there 
are balanced Q -neighbourhoods C such that C V^_|_^ for each n and 

Proof. We define := {y eVn: [-1, l]y Q K}- Then G V^, and a simple 
compactness argument sliows tliat is open. If y ^ and t G [— 1, 1], then 
[— 1, l]ty C [—1, l]y C Vn and hence ty G V^, showing that is balanced. 
Furthermore, it is clear from the definition that C To see that 

V = Un>no take a point y G say y G Vm- Then K := [-1, l]y C 
is a compact subset. Since V is balanced, we have K <Z V. Hence K is 
covered by the ascending sequence of open subsets K (iVn, n > m, and hence 
K — K nVn for some n > m by compactness. Thus K = [—1, l]y C Vn and 
therefore y e V^. This completes the proof. □ 



Remark 16.2 In the situation of Lemma 16.1, set '■= 4> ^(Ki) and 0^ := 
(t)n\u'i ■ Then = IJn>no ^n' ^here each chart (j)'^ has balanced range. 

We now consider a connected Lie group G = IJneN admitting a weak direct 
limit chart, where each G„ is a connected Lie group. We let g„: G„ Gn 
and g: G — > G be universal covering groups, and be the kernel of the 
homomorphism jn'. Gn ^ G obtained by lifting in ° Qn- Gn —>■ G over q, 
where in '■ Gn G is the inclusion map. 

Proposition 16.3 In the preceding situation, the following holds: 

(a) G — limG„ and G — limG„/A^„ as an abstract group; 

(b) G = [Jnm^ri/Nn admits a weak direct limit chart. 

If G = UneN^" admits a direct limit chart, then also G — UneN^"/-^" 
admits a direct limit chart, and the following holds: 

(c) G — lim Gn as a topological space if and only if G — lim Gn as a 
topological space, if and only if G — lim Gn/Nn as a topological space. 

(d) If L{G) is -regular for some r G No U {oo}, then G = limGn as a 

-manifold if and only if G = limG^ as a G^ -manifold, if and only if 
G = limGn/Nn as a -manifold. 
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Proof, (a) Let in^rn '■ — > G„ be the inclusion map for n, m e N with 
n > m, and jn,m '■ Gm Gn be the continuous homomorphism induced 
by in,m, determined by qn°jn,m = in,m°(lm [36, Proposition A. 2. 32]. It is clear 
that jn^n = idg and j„ „j o j„ £ = j„ ^ if n > m > i, whence the direct limit 

group D := limG„ can be formed, with limit maps A;„: G„ — > D. It is also 
clear that jn°jn,m = jm, because the calculation qojnojn,m = in°qn°jn,m = 
in ° in,m ° Qm — im ° Qm — Q ° jm shows that both of the homomorphisms 
3n°3n,m ^-nd j^, are lifts of qoj^ over q (and hence coincide). Now the direct 
limit property of D provides a unique homomorphism j: D ^ G such that 
j o kn — jn for each n e N. 

To construct a homomorphism h: G ^ D (which will turn out to be let 
(j): U ^ V C L{G) be a direct limit chart for G around 1 such that q{W) = U 
and q\^r is a diffeomorphism, for some open identity neighbourhood W C 
G. Here U = lJ„eN Un, V = \J^^^ Vn and (p = \Jnm ^» certain charts 
<Pn' Un ^ Vn Q L{Gn) of Gn arouud 1. By Lemma 16.1, after shrinking U we 
may assume that V and each Vn is balanced. Let W C W he an open identity 
neighbourhood such that WW C W. Set U' := q{W) and V := 0(f/'); 
after shrinking W if necessary, we may assume that V is balanced and 
V — IJnm^n certain balanced open 0-neighbourhoods V^ C Vn (by 
Lemma 16.1). We let W" := W n (W)-^ and U" := q{W"). 

Since Vn is simply connected (being contractible) and hence also C/„, the 
inclusion map Un' Un ^ Gn lifts over g„ to a continuous map /„ : Un ^ Gn 
such that qn° fn — Un and /n(l) = 1- If Un,m'- Urn — > Un is the inclusion 
map for n > m, then qn ° fn ° Un,m = Un o Un.m = in.m o Urn coincides with 

qn ^ jn,m ^ fm '^n,m ^ Q'm ^ fm '^n,m ^ ^mj whcnCC f\^^ O Un^m 3n,m ^ /n- 

Therefore the maps kn o fn- Un ^ D induce a map / := lim/„: U ^ D, 
determined by / o = A;„ o /„. 

We claim that f{xy) = f{x)f{y) for all x,y E U' such that xy E U'. If this is 
true, then f{q{x)q{y)) = f{q{x))f{q{y)) in particular for all x,y E W" such 
that xy e 1^", whence the map W" — > D, x i— > f{q{x)) on the symmetric, 
open identity neighbourhood W" C G extends uniquely to a homomorphism 
h: G D (see [36, Corollary A2.26]). To prove the claim, let x,y G U' 
and abbreviate Xt := 0^^(t0(a;)), |/t := (p"^ {t(j){ii)) for t G [0,1]. There is 
m e N such that 0(a;), 0(|/) G 1/^ and thus [0, l]0(a;), [0, l]0(y) C V^. Then 
g^: [0,1] — > Got, 9'(^) ^rtyt is a continuous map such that g'([0, 1]) C U. 
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Since the compact set g{[0, 1]) is the union of the ascending sequence of open 
subsets g{[0,l]) (1 Un, n > m, there exists n > m such that (?([0, 1]) C 
Now both [0, 1] ^ Gn, t ^ jn,m{fni{xt)fm{yt)) and t fnixtUt) aic hfts 
starting in 1 over q of the continuous map [0, 1] Gn, t h-> XtUt- Hence 
both hfts coincide, whence jn m{fm{x) fm{y)) = fn{xy) in particular and thus 
f{x)f{y)^f{xy). 

We now show that hoj = ido- Since D = UneN ^n{Gn), we only need to show 
that {hoj)[x) — X for each x e kn{Gn)- Since hojokn is a homomorphism and 
Gn is generated by :— u^^{W"), we only need to show that h{j{x)) — x 
for each element of the form x = kn{fn{z)), where z e U^. Since both 
jn o fn and o Un lift the inclusion map in o Un' Un — > G, we have 

jn ° fn = {q\w)~^ ° ^n- Thus, as required: 

h{j{x)) = h{3{kn{fn{z)))) = KUfniz))) = h{{qC,r\z)) 

= fmqC)-\z))) = f{z) = {foun){z) = = x. 

Next, we show that joh = id^. Since G is connected and hence generated by 
W", we only need to show that j{h{x)) = x for each x e W" . Set z := 
then z e [/;, say. Now 3{h{x)) = = = i(/K(^))) = 

j{kn{fn{z))) ^jn{fn{z)) = ^(^) = X indeed. 

By the preceding, j is an isomorphism with inverse h. As a consequence, 
G, together with the homomorphisms jn as the limit maps, is the direct 
limit limG„ as an abstract group (and hence also as a set). Note that Nn 

is discrete (since Nn C ker(g„)); hence Gn '■= Gn/Nn is a Lie group. Let 
Pn '■ Gn — ^ Gn bc the quotient morphism and j„ „ : Gm — ^ Gn be the smooth 

homomorphism determined by j„ „j o Pm = Pn ° jn,m- Let j„ : Gn ~^ G 
be the smooth homomorphism obtained by factoring j„ over pn, satisfying 
Jn ° Pn — jn- Givcu homomorphisms (resp., maps) gn' Gn — > H such that 
gn°jn,m = gm, each gn factors to a homomorphism (resp., map) g^: Gn H, 
such that o Pn = gn- Then g^^ ° jnm = 9m- is clear from this that 
G — limG„ as an abstract group, together with the maps j„. It also follows 
from this that G = lim G„ as a Lie group, topological group, topological 
space, resp., C-manifold if and only if G = lim Gn in the respective category. 

(b) Let (f): ?7 — \^ be a weak direct limit chart (resp., direct limit chart), 
where V — (JneN ^ with each balanced. Let ip: V ^ G he the lift of 
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(f)~^ over q with ■0(0) = 1, and 14 — > G„ be the hft of (f)~^: Vn Un 
C Gn over the covering morphism 7r„: Gn — ^ Gn, xNn qnix), such that 
'?/'n(0) = 1. Then ip'^ is a chart for G, ip^^ is a chart for and it is 
clear that ip~^ = UneN^n^ (identifying Gn with its image in Gn under j„, 
as before). Hence is a weak direct hmit chart (resp., direct hmit chart) 
for G around 1. 

(c) and (d): In view of (b), it is immediate from Theorem 3.3 that G — 
hm Gn as a topological space if and only HG — lim G„ as a topological space, 
and that G — hmG„ as a C-manifold (in (d)) if and only if G = limG„ 

as a C-manifold. By the final remarks in the proof of (a), the remaining 
equivalences are also valid. □ 



17 Open problems 

Although the article clarifies the direct limit properties of many important 
examples, and sheds some light on general situations, various related ques- 
tions had to remain open. We here compile some of these, starting with 
open problems concerning concrete examples and then gradually turning to 
problems concerning direct limits in general. 

17.1 For finite r G Nq, s G N U {oo} and H a finite-dimensional (or more 
general) Lie group, does C'[{M,H) = \imG^{M, H) hold as a C*-manifold? 

17.2 In the fully general situation of Corollary 13.3 (beyond the Silva case), 
does r{K,H) = limGn hold in the category of topological spaces? Does it 
hold in the category of C'-manifolds, for r G No U {oo} ? 

17.3 Does the PTA always hold for test function groups on cr-compact man- 
ifolds and groups of compactly supported diffeomorphisms ? Do the direct 
limit groups G — limG„ described in Proposition 9.8 (ii) always satisfy the 
PTA ? (The author cannot see a reason why this should be true) . 

17.4 Suppose that a topological group (resp.. Lie group) G is the direct 
limit of an ascending sequence Gi Q G2 Q ■ ■ ■ of topological groups (resp.. 
Lie groups) . Will the product map tt : IlneN G always be continuous 
(resp., smooth) ? If G is a topological group (resp.. Lie group), what can we 
say about the product map HneN G —> Gl 



61 



17.5 If X is a topological space (resp., smooth manifold) in the preceding 
situation and f : X ^ YineN^n a function with continuous (resp., smooth) 
components, find additional conditions ensuring that vr o / is continuous 
(resp., smooth), e.g. if Gi = G2 = • • • = for a unital Banach algebra A. 
Functions of the form considered in the proof of Proposition A.l should be 
subsumed as a special case. 

17.6 Let G be a Lie group which is an ascending union of Lie groups Gn, 
such that L{G) — limL(G„) as a locally convex space. There does not seem 

to be a reason why G should admit a direct limit chart (not even if each G„ 
is a Lie subgroup), but the author does not know a counterexample. 

17.7 Let G be a Lie group which is an ascending union of Lie groups Gn, 
such that G — limG„ as a Lie group. There does not seem to be a reason 

why this should imply that L{G) = limL(G„) as a locally convex space, but 
the author does not know any examples where this fails. Likewise, there 
docs not seem to be a reason why G — IJ/ieN should admit a direct limit 
chart if G = limG^ as a Lie group, but the author does not know any 
counterexamples . 

17.8 Find an example of a direct limit topological group G = UneN^n 
(preferably, a strict direct limit, and preferably a direct limit of Lie groups 
with a direct limit chart) such that product sets (or two-sided product sets) 
are not large in G, resp., such that (G„)„gN does not satisfy the PTA. Alter- 
natively, prove that such counterexamples do not exist. 

17.9 Find a direct sequence of Lie groups which does not have a direct limit 
in the category of Lie groups. 

17.10 Consider a Lie group G = Un€N^" admitting a direct limit chart. If 
G = hmGn as a Lie group (or as a topological group), does it follow that 

G = hm Gn as a Lie group (or as a topological group) ? 

17.11 We obtained some positive results concerning direct limit properties of 
complex Lie groups, but could not prove any general criteria to rule out direct 
limit properties in categories of complex Lie groups or manifolds (due to the 
lack of localization arguments). Direct limit properties in the categories of 
real analytic Lie groups (or manifolds) are even more inaccessible. 
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17.12 Let {Ei)i(zi be an uncountable family of C-regular locally convex 
spaces. Will the locally convex direct sum 0jgj Ei be C^-regular ? 

17.13 Let M be a paracompact finite-dimensional C^-manifold which is not 
(T-compact, and if be a finite-dimensional (or more general) Lie group. What 
can be said about the direct limit properties of Diffc(M) = (J^ Diffx(M) and 
Cr{M,H)^\J^C'^{M,H)l 

A Smooth regularity of direct sums 

Proposition A.l Ifr e NUjcxo} and {E^) is a sequence of C^' -regular locally 
convex spaces, then the locally convex direct sum is -regular. 

Proof. A typical 0-neighbourhood in E := ^n^^En is of the form U : = 
©neN for 0-neighbourhoods f/„ C En- For each n E N, let /„: — >• M 
be a C^-map such that fn{En) C ]0, 1], /n(0) = 1 and fn{x) < \ for each 
xeEn\ Un. Then f: E^R, 

f{x) := f{xi) ■ ■ ■ f{xn) for x G 0^^^ Uk 

is a function such that f{E) C ]0, 1], /(O) = 1 and f{x) < | for each 
X E E\U. Using the exponential function exp: R — > ]0, oo[ and logarithm 
log = exp~^, we can write 

/ = exp o 0„gp^(logo/„) , 

where 0^^^(log o/„) : 0„gi,E„ ^ ®nen^ = ^^""^ is C^' by [17, Proposi- 
tion 7.1] and the map S : M*^^^ — >• M, (r„)neN ^ SneN^'^ continuous linear 
and thus smooth. Hence / is C". Choose a C^-map gf: M — > R such that 
g{R) C [0, 1], ^|[o,i] = and ^(1) = 1. Then gof-.E^Risa C-map which 
takes to 1 and vanishes outside U. The assertion follows. □ 
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